LP-CONTINUI_'TY OF WAVE OPERATORS FOR HIGHER ORDER
SCHRODINGER OPERATORS WITH THRESHOLD
EIGENVALUES IN HIGH DIMENSIONS

M. BURAK ERDOGAN, WILLIAM R. GREEN, KEVIN LAMASTER

ABSTRACT. We consider the higher order Schrédinger operator H = (—A)™ + V(z)
in n dimensions with real-valued potential V' when n > 4m, m € N. We adapt our

recent results for m > 1 to show that when H has a threshold eigenvalue the wave

operators are bounded on LP(R™) for the natural range 1 < p < 5% in both even

and odd dimensions. The approach used works without distinguishing even and odd
cases, and matches the range of boundedness in the classical case when m = 1. The

proof applies in the classical m = 1 case as well and simplifies the argument.

1. INTRODUCTION

We continue the study of wave operators for higher order Schrodinger operators

related to equations of the form
iy = (—A)"p 4+ Vb, reR", meN.

Here V is a real-valued potential with polynomial decay, |V (z)| < (x)~# for some
sufficiently large 5 > 0, and some smoothness conditions, see [4] or Assumption 1.2
below. Note that when m = 1 this is the classical Schrédinger equation. We consider
the case when (—A)™+V has an eigenvalue at zero energy in high dimensions n > 4m.
It is well known that there are no threshold obstructions other than eigenfunctions when

n > 4m.
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Denote the free operator by Hy = (—A)™ and the perturbed operator by H =
(—A)™ + V. We study the L? boundedness of the wave operators, which are defined
by
itH ,~itHo

Wi=s—- lim e
t—+o0

For the class of potentials we consider, the wave operators exist and are asymptotically

complete, [17, 19, 1, 11, 18]. Furthermore, the intertwining identity
f(H)Pac<H) = W:I:f((_A)m)Wj*:

holds for these potentials where P,.(H) is the projection onto the absolutely continuous
spectral subspace of H, and f is any Borel function. The intertwining identity and L?
continuity of the wave operators allows one to obtain LP-based mapping properties of
operators of the form f(H)P,.(H) from those of the much simpler operators f((—A)™).

As usual, we begin with the stationary representation of the wave operators

1) Wou=u— = [ REOWVIREO) — Ry (WudA,

where Ry (A) = ((A)™ +V — A7 Ro(A) = ((=A)™ — A\)7!, and the ‘+’ and ‘-’
denote the usual limiting values as A approaches the positive real line from above and
below, [1, 6]. As in previous works, [4, 5], we consider W, bounds for W_ follow by
conjugation since W_ = CW,C, where Cu(z) = u(x). Since the identity operator is
bounded on all L? spaces, it suffices to control the contribution of the integral involving
the resolvent operators.

In dimensions n > 4m, there are no resonances at the threshold (zero energy),
[6]. This mirrors the case of dimensions n > 4 in the classical (m = 1) Schrédinger
operator where threshold resonances cannot exist. In the classical case, the existence
of threshold eigenvalues limits the upper range of LP(R") boundedness of the wave
operators, generically to 1 < p < %, [24, 9, 25]. Here we prove the analogous result
for the higher order Schrodinger operators in Theorem 1.3 below. Our proof doesn’t
distinguish between m = 1 and m > 1, and hence applies to the classical case as well

where it simplifies the existing arguments.
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Our main result is to control the low energy portion of the evolution when there
is a threshold eigenvalue. Our strategy builds on the approach in [5], extending the
argument to control the singularities in the spectral parameter caused by the eigenvalue.
Using resolvent identity, one has

2%k—1

RY =) (“D'RE(VRS) + (REV)' RE(VRS)"

=0
The contribution of the jth term of the finite sum to (1) is denoted by W; and the
contribution of the remainder by W, ;. W; is unaffected by the existence of threshold
obstructions, while W, ; is affected only when A is in a neighborhood of zero. To
make this more precise, take a smooth cut-off function y € Cg° for a sufficiently small
neighborhood of zero, and let Y = 1 — y be the complementary cut-off away from a

neighborhood of zero. Define

1 oo

Winnsat = 5= [ XOVRG VPRI VRIO)VIRE () = Ry (W,
Wignaw = 5 [ XOVRE WV REN) (VRSN VIR () ~ Ry (A,

Throughout the paper, we write (z) to denote (1 + |z|2)2, A < B to say that there
exists a constant C' with A < C'B, and write a— := a — € and a+ := a + € for some

€ > 0. Our main technical result is

Theorem 1.1. Let n > 4m > 4. Assume that |V (x)| < (x)7P, where V is a real-
valued potential on R™ and B > n + 4 when n is odd and § > n + 3 when n is even.
If H = (=A)™ + V(z) has an eigenvalue at zero, but no positive eigenvalues, then
Wiow, extends to a bounded operator on LP(R™) for all 1 < p < 3% provided that k is

sufficiently large.

We need sufficiently large & when n > 4m due to local singularities of the free
resolvents that are not square integrable. The main novelty is that the arguments are
fairly streamlined, we avoid long operator-valued expansions of the perturbed resolvent

by adapting the methods in [4, 5] to control the singularity as A\ — 0 that occurs when



4 M. B. ERDO(V}AN7 W. R. GREEN, K. LAMASTER

there is a zero energy eigenvalue. We further note that no additional decay is needed
on the potential compared to the regular case, [4].

To put this result in the context, recall the first LP? boundedness result in the seminal
paper of Yajima, [20], for m = 1 and 1 < p < oo for small potentials. For large
potentials, the main difficulty is in controlling the contribution of W, . The behavior
of this operator differs in even and odd dimensions. In [20, 21, 22], Yajima removed
smallness or positivity assumptions on the potential for all dimensions n > 3. These
arguments were simplified and Yajima further considered the effect of zero energy
eigenvalues and/or resonances in [23] when n is odd and with Finco in [7] when n is
even for n > 4 to establish boundedness of the wave operators when 5 < p < 3.
These results were further extended to show that the range of p is generically 1 < p < 3
in the presence of a zero energy eigenvalue, and that the upper range of p may be larger
under certain orthogonality conditions, [24, 9, 25].

We now give more details in the case m > 1 to state the new corollary of our result

above on the LP boundedness of wave operators. Let F(f) denote the Fourier transform
of f.

Assumption 1.2. Fiz n > 4m and m > 1. For some 0 < 6§ < 1, 0 > 31”:1475 + 0,

assume that the real-valued potential V' satisfies the condition

IFOVE | appes, < oo

In [4], by adapting Yajima’s m = 1 argument in [20], the first two authors showed

that the contribution of the terms of the Born series may be bounded by

Y

IWillzooe < CIFEVO azims

for some constant C' > 0. In addition, it was shown that if [V (z)] < (z)7# for some
B >mn+5 when n is odd and g > n 4+ 4 when n is even and if k is sufficiently large
(depending on m and n), then Wi, i is a bounded operator on L? for all 1 < p < oo
provided there are no positive eigenvalues. The absence of positive eigenvalues is a

common assumption for higher order operators since there may be positive eigenvalues

even for smooth, compactly supported potentials, see [6].
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Combining these facts with Theorem 1.1, we have the following result.

Corollary 1.3. Fiz m > 1 and let n > 4m. Assume that V satisfies Assumption 1.2

and in addition

i) |V (z)] S {(x)7F for some B> n+5 when n is odd and for some 3 > n+4 when n
1S even,

i) H=(—A)"+V(x) has an eigenvalue at zero energy, but no positive eigenvalues.

Then, the wave operators extend to bounded operators on LP(R™) for all 1 <p < 5.

By applying the intertwining identity and the known L? — L' dispersive bounds

when 7/ is the Holder conjugate of p for the free solution operator e (=" we obtain

the corollary below.

n
n—2m

Corollary 1.4. Under the assumptions of Corollary 1.3, for < p' <2 we obtain

the dispersive estimates

The study of the LP boundedness of the wave operators in the higher order m > 1
case has only recently begun. In the case when there are no eigenvalues or resonances
in the ac spectrum, the case m = 2 and n = 3 was studied by Goldberg and the second
author, [10]. The case n > 2m was studied by the first two authors in [4, 5]. In [2]
the first two authors and Goldberg showed that a certain amount of smoothness of the
potentials is necessary to control the large energy behavior in the L” boundedness.

In [14], Mizutani, Wan, and Yao considered the case of m = 2 and n = 1 showing
that the wave operators are bounded when 1 < p < oo, but not when p = 1, co, where
weaker estimates involving the Hardy space or BMO were proven depending on the type
of threshold obstruction. More recently in [8], Galtbayar and Yajima considered the
case m = 2 and n = 4 showing that the wave operators are bounded on 1 < p < oo if
zero is regular with restrictions on the upper range of p if zero is not regular depending
on the type of resonance at zero. Mizutani, Wan, and Yao [15, 16] studied the endpoint

behavior and the effect of zero energy resonances when m = 2 and n = 3. This recent
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work on higher order, m > 1, Schrodinger operators has roots in the work of Feng,
Soffer, Wu and Yao [6] which considered time decay estimates between weighted L2
spaces.

The paper is organized as follows. In Section 2 we recall important resolvent expan-
sions and prove Proposition 2.1, which shows L? boundedness for a class of operators
of the form needed in Theorem 1.1. In Section 3 we prove further resolvent expansions
tailored to the case of zero energy eigenvalues to show that Proposition 2.1 applies
to the operator Wj,, , for large enough k, which suffices to prove Theorem 1.1 and
consequently Theorem 1.3. Finally in Section 4 we provide technical lemmas needed

to prove Proposition 2.1.

2. OPERATOR BOUNDS

In this section we reduce proving Theorem 1.1 to showing that a certain family of
operators extend to bounded operators on LP(R™) on the desired range of p. To do this
we utilize various resolvent expansions and adapt the argument from the case when
zero is regular to account for the extra singularity in the spectral parameter that arises
when (—A)*" 4+ V has a zero energy eigenvalue.

It is convenient to use a change of variables A — \?™ to represent Wiowk

2| AN ROV RGP (VR PV RS (87) — Ry (6] d
We begin by using the symmetric resolvent identity on the perturbed resolvent
REAZ™). With v = |V|z, U(z) = 1if V(z) > 0 and U(z) = —1 if V(z) < 0, we
define M+ (\) = U + vRg (A*™)v.

Using the symmetric resolvent identity, one has
(2) RENV = REN™) oMt () v
Therefore, we have
Winns: = 25 7 XN IR (2T (o[ (42) = Ry (2] d

where To(A) := A?"MT(\)~! and for k > 1
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(3) Tk(A)

= UoRE (A2 (VR (™) o2 M+ (A) "o (R (A2™)V) ' RE (AU

When zero energy is an eigenvalue, the resolvent Ry becomes unbounded as A — 0.
Under the change of variables the singularity is of order A=*™. The definition of T';(\)
above multiplies M ~1()\) by A*™ to account for this singularity.

To state our main result, we recall the following terminology from previous works
involving wave operators and dispersive estimates. An operator T : L? — L? with
integral kernel T'(z,y) is absolutely bounded if the operator with kernel |T(z,y)| is
bounded as an operator on L?*(R™). We recall that finite rank operators and Hilbert-
Schmidt operators are absolutely bounded, where T is Hilbert-Schmidt if

ITlfss = [ 17 dedy < .

Proposition 2.1. Fizn > 4m > 4 and let I be a A\ dependent operator. Assume that

f(x,y) ;= sup [ sup ‘)f@f\f‘()\)(x,y)u

0<A<Xo << [g]Jrl

satisfies the pointwise estimate

(4) P(z,y) < (x)"2

N3
—
<
<

|
|3
I

If [V (2)| < (x)=# for some B > n, where n, =n+4 if n is odd and n, =n+ 3 if n is

even, then the operator with kernel

) K,y = / XA RG (Ao (V)[R (X)) = Ry (X*™)]] (, y)dA
0

is bounded on LP(R™) for 1 <p < 5-.

The claim of Theorem 1.1 follows in Section 3 by showing that I'y(\) defined in
(3) satisfies the hypotheses of this proposition. To prove the proposition we need the
following representations of the free resolvent, these are Lemma 2.3, 2.4, and Remark

2.5 in [5], which have their roots in [4].
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Lemma 2.2. Let n > 2m > 2. Then, we have the representations

6ZA|y_u‘

Ro (A™)(y, u) F(Ay — ul).

Ty
and
[Ry (™) — Ry (XM (y,u) = A" 2" [eM FL (Aly — u]) + e F_(Aly — ul)],

With the bounds

n+1

®) OYFO) S AV o () S A7 ()
for all N > 0.

We say an operator K with integral kernel K (z,y) is admissible if

sup | |[K(x,y)ldy+ sup [ |K(z,y)|dr < oo.
z€R™ JR™ yeR™ JRrn
By the Schur test, it follows that an operator with admissible kernel is bounded on

LP(R™) for all 1 < p < oco. We are now ready to prove Proposition 2.1.

Proof of Proposition 2.1. Using the representations in Lemma 2.2 with r = |z — 2|
and ro 1= |zo — y| we see that K (z,y) is the difference of
(7) Ki(z,y)

n—2m
&)

- / olz1)o(z) / ePOIE) (WA ID(N) (24, 25) F(Ary) Fie (Aro)dAdz1 ds.
R2n 0

We write
4

K(x,y) =: ZKJ‘(%?J),

=1
where the K; are K restricted to diﬂ?erentJ regions. K is the portion of K restricted
to the set 71,79 S 1, Ky to the set 71 ~ ro > 1, K3 to the set ro > (rq), and Ky to the
set 1 > (r2). We define K ; analogously.

Since both A and r; < 1 we have Ar; < 1. Using the bounds of Lemma 2.2 we bound

~Y

the contribution of |K; 4 (z,y)| by

1
/ U(Zl)’l}(fzzim,milr(zb 22) / )\n72m71 dAdzleQ
R2n 0

1
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< / v(z)v (Zz>><w<1r<zl,@)dzld@v
RQn

~ n—2m

T

since n — 2m — 1 > —1. Using the pointwise decay of v and Iin (4), we obtain

/|K1¢(5U>y)‘dy S /<Z1>_n_<22>_n_7"%m_nd2’1d22 5 1,

uniformly in x. By the symmetry between x and y which implies that K is admissible.
For K, we consider the contribution of K, _ since the Kj  is simpler. We integrate
by parts twice in the A integral when A|r; — 73| 2 1 (using (6) and the definition of f)

and estimate directly when A|r; — ro| < 1 to obtain

|K2,—(xa y)| 5
r i >
/ v(z1)l (21, Zi) 2752 Xri~ra>1 XOON2 1 (N|ry — 7o) (A1) 2 dAd 2 d 2
+/ U(ZI)F<217 Zi) 2752 Xrimrs>1 /OO X )\n N (A’T1 —27’2|)<)\T1>1_2m d)\dzleQ
o r 0 r1 — 7|

~

F o 00 by )\n—?m—l by 1—2m
< / U(21> (’Zlu Zi)%(jﬂ?( 1R >1 / X( ) - < 7’12> d)\dzleQ
R2n 0 (Alr1 —r2))

1
Noting that 1 —2m < 0, we can integrate this bound with respect to x after converting

to polar coordinates centered around z; to bound by
AL
1 n—32m—1 1—2m
™ — A ()\Tl)
(a1, P dridAdzd
/RQ”/ /7”1~r2>>1v(21) (21, 22)v(22)r] Iy 1

A\ 4am
(z z,z v( 2z drid\dzdz
S o[ e e e

. n—4m—1
5/ / /U(21)F(21,ZQ)U(ZQ))\—and)\d21dZQ <1,
r27 Jo JR (m)

uniformly in y. In the second line we defined n = A(r; — rg) in the r; integral and

used n —4m — 1 > 0. Since r; = 19, the integral in y can be bounded uniformly in x
similarly and hence the contribution of K5 is admissible.

We now consider the contribution of
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(8) K4¢(x,y):/ 0(21)0(22) Xry> (r2)

R2n T’?_Qm

/ ei)\(m:trz)F()\f,al)X()\)F()\)(zl, 22)>\n—2m—1F:t()\T2) dAdzydzs.
0

When Ar; < 1, using (6), we bound |Fy(Ar2)|, |[F(Ar1)| < 1 and estimate the A integral

by 2™ "T(z1, 2), whose contribution to Ky is bounded by

/ U(ZI)U(Z2)F(21>Zz)Xr1>><rz>
RQn

n—2m+(n—2m)
&1

le dZQ .

Where apply Lemma 4.1 with £ = n —4m and k& = n — 2m to show that that K, ; are

admissible kernels.

When Ar; 2 1, we integrate by parts NV = [§] + 1 times (using (6)) to obtain the
bound

1 oe - —om—
e [ O TFOr)ROr AN O) o, 22) P ra)]
[r1 £ 72 Jo
r ondl_g o N4
5T;N Z /1 )\%17%”7]17”12 2 )\n72m717j2|af\3r()\>(Z1722)‘—n;1d)\
0<j1+ja-+ja+ia<N,ji>0 " 71 (Ara) 2
ntl o0 N~ Logn o n
< 2 NF(21,2'2> Z )\%*4”&*]1*]2*]3*]4<)\r2>le)\
0<g1+j2+j3+7a<N, j; >0 ﬁ
ntl o N 1\ 2%t —Am—N
SHE T ) [ i
ﬁ <)\T2>T

Since ”T_l > 0 the contribution of (Ary) can be ignored. Since n > 4m, n—4m > 1 and

3n — 1 1
n —4m—N21+2———[—-‘—1>—1.
> 2 2

1
This gives us that the contribution from the A integral is bounded by log(r;) < .

This gives us the total contribution to Ky of

/ v(zl)v(z%l“ 21, 22)

dz1 dzo.
N 1 =<2

n
2

Ty
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Noting that [§]+ 5+ 1 — g >n—+ 1—11, again using that r; > ry, the contribution of this
to (8) is bounded by

/ v(21)T (21, 22)v(22)

n—&—%
T

X’f"l > <7’2> d21 dZQ

which is admissible by Lemma 4.1.

We now consider K3 which restricts the upper portion of the range of pto 1 < p < 5.

Using Lemma 2.2 we write

R2n 7’711_27”

(9) K3<I7y) 3:/ U<ZI)U(Z2)XT2>><T1> dz dzy

/ ei)\(rliTé)F()\rl)X<)\))\n72milr()\> (217 ZQ)Fi()\TZ) d)\dzleQ.
0

When Ary < 1, we can apply (6) to obtain the bound

—1

~ T3 n+1 1-n
I U Xrrle i, 1) | Oy 5 s,
R2n T 0

U(Zl)v(z2>Xr2>>(7"1

~ !
S/ n—22m >F(Zlv 22) / )\n—2m—1 d)\lede
R2n 0

T

~ n—2m,.n—22m F(Zl7 22)7

< / v(21)v(22) X ()
R2n 7”1 7"2

which is bounded when 1 < p < 5% by Lemma 4.3 with £ = ¢ = 0.

When Ary 2 1, we integrate by parts N = [2] + 1 times (using (6)) to obtain the
bound

|7”1i—7"2|N /0°° ‘a,]\V [F()\Tl)%()\ﬁ)X(/\))‘n_m_lr(/\)(21,22)Fi(/\7”2)} ‘d/\

1 A
N —Jj1 ntl_om\n—2m—1—jz | 9J3
NEL Z 1 A (Arq) 2 A |aA T(A)(thQ)\ _
0<j1+j2+7j3+ja<N, ;>0 ry Tzi
1
SE-NT n—1__ S nt+l
5 Ty 2 F(Zl, 22) E A\ 2 2m—j1—j2—J3—Ja <)\7,1> == Zmd)\

1
0<j1+g2+43+ja<N, ;>0 " 7y

1
) Nr(zl,ZQ)/l AT 2N g Y 2y

2
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Here we note that derivatives of y(Ary) are comparable to division by A\. We consider

the cases when Ar; 2 1 and Ar; S 1 as follows:

1
1-n_ a7~ n— n
ro?  T(21,29) /1 )\Tl_2m_N</\r1>#_2md/\
T2
min(2,1)

Il

AE2 N5y (A )dA

' nTH*Qm n—4m—N =
v r My X(mﬁm).

min(%,l)

. . . 2m—24N-1
Since 2 —2m—N—1 =2 _[2]—2m—2 < —3 the first integral is at most 2" 2
2 2 = 27 12 2 2 & 2

so its contribution to (9) is at most

(1()) / U(Zl)U(ZQ)XT2>><T1>f(21’ ZQ)ledZQ,
R2n

n—2m, n—2m
™ L)

which is bounded for 1 < p < 5% by Lemma 4.3.

Similarly, after multiplying the second integral by (Arq)V=1 > 1,

' nTJrl*Qm n—4m—N 2~ ' nTﬂfszrN*l n—4m—1
Ty A X(Ar)dX\ S Ty A dA,

min(2,1)

min(ﬁ,l) E:

since n —4m — 1 > 0, the X integral is bounded and the contribution is bounded by
[IES RPN SO _ . o

2 N Letting {n/2} = [n/2] — n/2, the second integral’s contribution to (9)

is at most

1

N_n_
/ U(Zl)v(z2>XT2>>(r1>rl 2 7
R2n

F(Z1 s 22)dz1dz2

i
{n/2}+3
_ U(Zl)v(22>Xr2>>(r1>rl : /f‘(Z - )dZ dz
oo rg+{n/2}+% 1, <2 102,
which is admissible for all 1 < p < co by Lemma 4.2. U

3. RESOLVENT AND INVERSE EXPANSIONS

It remains only to prove that the operators I'y(\) defined in (3) satisfy the bounds
(4) needed to apply Proposition 2.1. In this section we develop different resolvent

expansions and develop an expansion of M (\)~! for small A when there is a threshold
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eigenvalue. Throughout this section we consider the ‘+’ limiting operators and omit
the superscript.
Recall that n, = n+4 if nis odd and n, = n + 3 if n is even. The bounds in
Lemma 2.2 imply that the operator R, with kernel
(11) R(a,y) := v(z)o(y) sup [NOARG (A™)(x,y)]
0<A< Ao
satisfies

n—1

Re(z,y) Sv@)y)(lz —y™™ " + |z —y|" ), £>0.

This pointwise bound implies that R, is bounded on L*(R") for 0 < ¢ < [2] +1
provided that |V (z)] < (z)~# for some § > n,, see [4, 5].

We write the iterated resolvent operators
(12) A 21,2) = [(REPMV) T REP™)] (21, 22).

For odd dimensions n > 4m, if k is sufficiently large depending on n,m and |V (x)| <
(x)~™~, then

sup [MNOLAN, 21, 22)| < (21)% ()2,

0<A<1
for0</¢< "T*?’ = (%W + 1. This follows from the pointwise bounds on R, above. The
iteration of the resolvents smooths out the local singularity |x — -[*™~". Each iteration
improves the local singularity by 2m, so that after ¢ iterations the local singularity

||?mé=n_ Selecting k large enough ensures that the local singularity is

is of size |xr —
completely integrated away. See the proofs of Propositions 5.3 and 6.5 in [4] for more
details. For even n > 4m, since we need fewer derivatives we have

3
2

sup [NOLA(N, 21, 20)| S (21) 2 (20) 2,

o<1

for 0 < ¢ < ™2 =[2] + 1. More compactly, we have that

sup [NOLAN, 21, 2)| < (z) B2 ()52 g << (gw 1 1.
o<1

Finally, recalling that

[r(\) = UvAN) oA M~ (N)v AN,
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our goal is to show that supg_y.y, [\ [M(N)] ! (z,y)| is bounded on L? for each
0<(< 5]+ 1L

We then define the following operators or their integral kernels

G()(l’,y) ::a0|x - y|2m_n - Ro(O)(I,y),

Ty :=U + vGyv.

Here ag # 0 is a real constant depending on m and n. Recall that the invertibility of
Ty on L*(R™) is equivalent to the absence of a threshold eigenvalue when n > 4m, see
[6]. We further define S; to be the Riesz projection onto the kernel of Ty so that the

operator Ty + S is invertible, and we define
DO I:(TQ + Sl)_l.

From Proposition 2.4 in [6], we have

(13) Ro(X2™)(,9) = 3 NG (2,5) + e A2 + Bof(N)(2,1)

=0

with N = | 3-]. Here

y|momtEmi g =0, N — 1.

Gj(x,y) = ¢jnm|r —

The exact value of these constants is unimportant for our purposes. We note that these

1

expansions follow from those of the Schrodinger resolvents Ry(z) = (—A — 2)~" and

the splitting identity

m—1

Ro(2)(w,9) i= (~A)" = ) @,) = —— 3 weRo(wez#)(z,y),

mz- m

where wy = exp(i27f/m) are the m'™ roots of unity. The expansions utilize a significant
amount of cancellation obtained from the splitting identity and the sum over the roots
of unity. See also the proofs of Lemma 4.2 and 6.2 in [4].

We note that the error bounds for Ey(A) in [6] don’t suffice for our purposes, instead
we develop shorter expansions with more detailed control of the error term. We make

this more precise with the following lemmas.
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Lemma 3.1. When 0 <A < Xg and 0 < ¢ < [5] + 1, we have
Ro(A) = Go + NGy + E(\)
where for any 0 < € < 1 we have
MNKEN) (@, y)| S Ao — y[ B3 4 | — y|mot,
where {n/2} = [n/2] —n/2.

Proof. We need to consider cases as the resolvents behave differently in even and odd
dimensions and based on the size of A\|z — y|. When n is odd and Az — y| < 1, we
have from Lemma 2.3, equation (2.2), and Remark 2.2 in [6] that

R )\Qm .’13 y Z ¢ nm)\2m]|x |2mfn+2mj + cn7m)\n72m‘x _ y‘O

2mN+j 2m—n+2mN+j
+ D G A |z — g ,

j=0
with N = |5 |. Truncating after the first two terms of the series yields the expansion
with -
)\) _ ch)\Zm+k|x _ y|4mfn+k, )\|$ . y| < 1.

Note that many ¢, may be zero, this doesn’t affect our bounds. This implies that for

any ¢ we have
NJREN) (z,y)x(Nx —y[)| S Az —y|tm ot

which suffices for small Az — y].

When n is even, there are logarithms when Az — y| < 1 that we must account for.
Using Lemma 2.1 and Lemma 2.3 in [6], (see also the expansion after Lemma 6.2 in
[4]) we have the following representation

[5m -1

R()()\Qm) _ Z ak)\ka|l, _ y|2m(k+1)—n + Z bj/\n_2m+2j|$ _ y|2j

k=0 j=0

+ Z AZED) | 2mik ”(ln(]a:—y!)+ln)\)
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However, since the first logarithm appears with a power of A at least as large as n —2m
since [5-] > 3, the logarithms don’t affect the required bound and
[ -1

E()\) _ Z ak)\ka|m . y|2m(k+1)fn + Z bj/\nf2m+2j|x _ y|2j

k=2 =0

+ Z AR g gy 2mbon <1n(|a: —y|)+In A).

fe=[ 2

2m

The first two sums with only powers of A|z —y/| are controlled as in the odd n argument.

For the logarithms, since kK — 1 > 2, the largest possible contribution is of the form
Xz — g™ In(Aa — yl) S AT e - yPm T

using log(z) < 27! when z < 1. We may further divide by powers of (Alxz — y|) to

match the polynomial bound as needed. Since m > 1, we have
N[OREN) (@, y)x(Alz — yD)| £ A" Ha — g

which suffices for small Az — y].
The bound on the error term when A|x—y| 2 1 follows from the bounds in Lemma 2.3

of [5] and the definition of the kernels of Gy, G, we have

N[OSEN)| = XOL [Ro(A*™) — Go(z,y) — NG (2, y)]

5 )\”T'H_Qm.;_qx o y|1_T”+€ + |l‘ i y|2m—n + )\2m|x _ y|4m—n'

We note that 5%+ ¢ < 3524 [2]+1 = {2} + 2, and 2 —2m+ [2] + 1 > 2m. Since
Az —y| 2 1and A < 1, we can bound this by

~ m+e n1y3 m—n-+e
N[OREMNX(Alz =y S N[l — g7 4 |z — g 7.
]

To invert M(A) in a neighborhood of the threshold, we utilize the Jensen-Nenciu

inversion scheme in [13], which requires some set up. We introduce some notation
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to help streamline the upcoming statements and proofs. For an absolutely bounded

operator T'(\) on L?(R") we write T'(\) = On(M) to mean that
INIKT V)| 2z S A, 0<L<SN for0< )< .

We note that, if S, T satisfy S(\) = Ox(N) and T(\) = On(AF), by the product rule

the composition of the operators ST is absolutely bounded and satisfies
SAT(A) = Ox(NT)  on (0, ).
Similarly,
NT(A) = Ox(NMT)  on (0, ).
In particular, if R is an absolutely bounded operator on L?, then
T(A\R, RT(\) = Ox(A\*)  on (0, \).
Of particular use is the observation that if T'()\) = Oranq,1()\°), then

sup sup  N|OT (V)|
0<A<A0 0<O<[2]+1

is a bounded operator on L*(R™).

Finally, we have

Lemma 3.2. If I is a A-independent, invertible, absolutely bounded operator on L?

with an absolutely bounded inverse, then for e > 0, we have (for sufficiently small \y)
[+ On(A)]7H =T+ On(X) = On(\").

Proof. This is just a Neumann series expansion for N = 0. For derivatives (1 < ¢ < N),

note that A0 [[I' + On(A9)]~! — I'"!] is a linear combination of operators of the form
7
L+ On (X)) T A0 On (X)L + O (X)) 1] = Ou(X).
7j=1

Here J >1,1</{¢; <N with > ¢; = (. O

Our main result is the following proposition:
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Proposition 3.3. If § > n, and there is a zero energy eigenvalue, the operator M(\)

is invertible on L? for sufficiently small 0 < X < X\g. Furthermore, we have
Mﬁl()\) = O(%]_H()\*Qm).

By the discussion above, these bounds on M ~1()) will suffice to allow us to establish
that the operators I'j, satisfy the hypotheses of Proposition 2.1. To this end, we have

the following series of lemmas.

Lemma 3.4. If § > n,, then for sufficiently small \ the operator M (\)+5; is invertible
on L* with

(M(N) + 51)_1 = O(%prl()\o).
Further, for any 0 <e <1, on 0 < A < Ay we have
(M + 81)™" = Do — X" DT Dy + Orz1 1 (A1),

where Ty = vGv.
Proof. For the first claim, recall that by Lemma 3.1, we have
M(A) =U +vRo(N™v = U + v(Gy + NGy + E(\)v,
where for 0 < ¢ < (%} +1
Moo BN S N o()]a — y[ B2 u(y) + X o()]e -y o y).
The first term is Hilbert-Schmidt when 5 > n, since
[p(@)le =y ()P < (@) )

In dimensions 4m < n < 8m, the second term is Hilbert-Schmidt under weaker decay
assumptions than S > n,. On the other hand, if n > 8m, the resulting kernel is too
singular to be Hilbert-Schmidt, instead we identify |z — y|*™~""¢ as a scalar multiple
of the fractional integral operator Iy,... By Lemma 2.3 in [12], Iy, is bounded

from L** — L*>~* provided s > 2m + 5. This suffices to show the L? boundedness of
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v(x)AOLE(N)|v(y) in dimensions n > 8m since v(x) < (x>_§

We conclude that

with 8 > n, > 4m + 3.

M(}\) = T(] + )\2mT1 + O[%"+1()\2m+6>.

We claim that Dy is an absolutely bounded operator. To see this, first note that the
argument of Lemma 4.3 in [3] may be adapted since, by the argument above, vGgv is
absolutely bounded. Here one needs to iterate the resolvent identity sufficiently since
(vGov)* is Hilbert-Schmidt for sufficiently large k& while vGov itself is not. We leave
the details to the interested reader.

Since Ty + S; is invertible on L? with an absolutely bounded inverse, by Lemma 3.2,

we have
M)+ S1]7 = Opgra (V).

To obtain the second claim, we utilize the resolvent identity A~ = B~!' + B~}(B —
A)A™! with A = (M(\) + S1) and B = Tj + S;. From this, we see that

[M(X) + S1]™! = Dy — Do[M(A) — To] Do + (Do[M () — To])*[M(N) + S1] 7
Note that M(X) — Tp = A>Ty + Or2111(A"F€) = Ornq41(A*™). Therefore,
[M(X) 4+ S1]™" = Dy — A*™ DoT1 Do + Opq41(A*"4) + Opaya (M),
which suffices. O

To utilize the Jensen-Nenciu inversion machinery, Corollary 2.2 in [13], we need to

invert the operator
1
\2m
on S;L%. To do so, we note that S; Dy = DyS; = S so that the leading S; cancels and

(S; — Si(M(A) + S)71Sy)

consider the operator

(14) B(A) = A72"[S1 = Si(M(A) + 1) 7151 = SiThSh — S1)\72m0(%1+1<)\2m+6)51

- SlTlsl + 510[%“4_1()\6)51.

We now have
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Lemma 3.5. If B > n,, for sufficiently small X\ the operator B(\) is invertible on
S1L%. Further, we have

B (A) = Orz141(\")

as an operator on Sy L2.

Proof. Using the expansion in (14), we note that 7} is an invertible operator on S;L?
(c.f. Definition 2.6 and Remark 2.7 in [6]). Since S;L? is finite dimensional, T} and its

inverse are absolutely bounded. The claim now follows from Lemma 3.2. U
We are now ready to prove Proposition 3.3:

Proof. By the Jensen-Nenciu inversion technique, [13], we have
(15) M7 = (M(X) + S) 7+ A7 (M) + S1)THSIBTHA)SHM(A) + S1)7

provided that B()) is invertible on S;L?(R™). Therefore, the claim follows from Lem-
mas 3.4 and 3.5. U

We are now ready to prove the main technical result.

Proof of Theorem 1.1. Proposition 3.3 shows that supy., .y, |[XT2m5[M (N)] " (z, y)| is
L? bounded for all 0 < ¢ < [2] 4+ 1. By (2), the definition of Wiy, ['x()\) and the
discussion following (12), we see that the operator I'y(\) satisfies the hypotheses of
Proposition 2.1.

U

4. TECHNICAL LEMMAS

For completeness, we include necessary lemmas about the LP(R™) boundedness of
certain integral kernels that are needed in the proof of Proposition 2.1. We use the
two Lemmas below about admissible kernels, which are Lemmas 4.1 and 4.2 in [5]

respectively.

Lemma 4.1. Let K be an operator with integral kernel K (x,y) that satisfies the bound

U(Zl)v(zZ)F(Zly Z2)X{|yfz2|>>(z1fx>}
K < dz d
| (xJ y)| ~ /RZn |.',U _ Zl|n_2m_k|22 _ y|n+é 21 az2
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for some 0 < k <n—2m and ¢ > 0. Then, under the hypotheses of Lemma 2.1, the
kernel of K is admissible, and consequently K is a bounded operator on LP(R™) for all

1 <p<oo.

Lemma 4.2. Let K be an operator with integral kernel K(x,y) that satisfies the bound

f —z 21— - ¢
\K(x,y)\g/ v(21)v(22) (21732)X{\y 2> (21 >}|=T Zl| dzy dzs
R2n

|22 =yt
for some £ > 0. Then, under the hypotheses of Proposition 2.1, the kernel of K is

admissible, and consequently K is a bounded operator on LP(R™) for all 1 < p < oo.
We also need the following new bounds for the analysis of Kj.
Lemma 4.3. Let K be an operator with integral kernel K(z,y) that satisfies the bound

dz1dzs

K (z,y)] </ U<Z1)U(22)F(21,Z2)X{|y wal> (21 —2)}
) ~ N |$—21’n 2m— E|y_z |n 2m+k

for some —2m < k < 2m with ¢ < k + n —4m. Then, under the hypotheses of
Proposition 2.1, K is a bounded operator on LP(R™)

Proof. We show that || K (z,y)l|,,,» is bounded. Using the assumptions on I in Propo-
y Lz
sition 2.1, provided that —*— < p' < oo or equivalently 1 < p < 57—, we may take

the Lg norm to bound (recall that r; = | — 21| and ry = |25 — y|)

_Btn B+ —n—
||K(x ?/)HLP 2 N <Z1> 2n<z2> "T2m+€ n<T1>2m n—k+n/p’ o
21729
B4n B+n
< BEn  om—n+e 2m—k—n/p
(16) S| F e ) i

We then consider cases to control the upper bound in (16); when r < 1 and r; 2 1.

If 1 2 1, we can directly take the L2 norm since 4m —n — (k — ¢) < 0 to see

(1) =5 (o) 5% oty 2mtme

Xri>1 ‘
LELL LY,

S [ Y

Xri>1
LELL LY,

B4n B4n

e

since 3 > n.
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On the other hand, when r; < 1, we leverage the decay of v(z;) and since all

quantities are non-negative take the Lil norm first. Converting to polar coordinates

centered around z, and using that (z;) ~ (z), we have

_Btn _BEn o nd Im—mn—k+n—
H<21> 2 <22> 2 2m n+ <7.1> m—n—k+n n/anSl’ o
z1 Tz T
1
n B+n B+n B+n
S [l @[] e e s
0 Ll L2 L3, L
z9 HT
since 2m+ /¢ —1> —1 and 8 > n.
Therefore the kernel of K is a bounded operator on LP(R") for 1 <p < 5-"—. [
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