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ABSTRACT. We investigate dispersive estimates for the massless three dimensional Dirac equation
with a potential. In particular, we show that the Dirac evolution satisfies a (t)fl decay rate as
an operator from L' to L® regardless of the existence of zero energy eigenfunctions. We also
show this decay rate may be improved to (t)7'~7 for any 0 < v < 1/2 at the cost of spatial
weights. This estimate, along with the L? conservation law allows one to deduce a family of
Strichartz estimates in the case of a threshold eigenvalue. We classify the structure of threshold
obstructions as being composed of zero energy eigenfunctions. Finally, we show the Dirac
evolution is bounded for all time with minimal requirements on the decay of the potential and

smoothness of initial data.

1. INTRODUCTION

We consider the linear Dirac equation with a potential:

iOpp(x,t) = (D + V(2)(2, 1), ¥(x,0) = to(z).

Here, € R? is the spatial variable and v (x,t) € C*. The free Dirac operator D,, is defined by

3
Dy, =—ia-V+mp= —iZakﬁk +mp,
k=1

where m > 0 is a constant, and the 4 x 4 Hermitian matrices o := 8 and o satisfy
(1) ajap + apay = 20,5 Lea, for all j,k € {0,1,2,3}.

We consider the massless case, when m = 0, which may be used to model the dynamics of
massless Fermions. The Dirac equation more generally is a model for relativistic dynamics of
quantum particles. We refer to the short introductory article, [25], or the monograph of Thaller,
[40], for more detailed introductions to the Dirac equation. For concreteness, in three dimensions

we use

I(Cz 0 0 ag;
B = ;= ;
0 —Ic2 o; 0
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0 —2 0 1 1 0
o1 = , 02 = , 03 = .
1 0 1 0 0 -1

The following identity,! which follows from (1),
(2)  (Dp — A1) (Dy + A1) = (—iae- V 4+ mB — A1) (—ia- V+mB + A1) = (—A + m? — \?)

allows us to formally define the free Dirac resolvent operator Ro()\) = (D,, — A)~! in terms of

the free resolvent Ro()\) = (—A — X\)~! of the Schrédinger operator for A in the resolvent set:
(3) Ro(A) = (D, + N Ro(AN? — m?).
For our purposes, when m = 0, we have

Ro(\) = (—ia - V + N)Ro(A\?) = (Do + A\)Ro(A\?).

To state our main theorem, we introduce the following notation. We let (z) = (1 + |z|?)!/2,

let a— denote a — € for an arbitrarily small, but fixed € > 0. Similarly, a+ = a + €. We write
A < B if there is an absolute constant C' > 0 so that A < C'B. For matrix-valued functions if
|Vij(z)] S ()70 for every entry, we write |V (z)| < (x)~%. We define x()) to be a smooth even
cut-off to a sufficiently small neighborhood of zero. Similarly, any function space X used in the
paper denotes the space of C*-valued functions with all entries in X. That is, by f € L'(R?)
we mean f(z) = ( fj(x))?zl with each component an L' function. We define the polynomially
weighted spaces LP?7 = {f : (-)?f € LP}. We call the threshold zero energy regular if there are
no zero-energy eigenfunctions of the Dirac operator H := Dy + V. Our main results control the

evolution of the Dirac operator.

Theorem 1.1. Assume that V is self-adjoint and |V (z)| < (x)70.
i) Assume that zero is regular, for fited 0 <~y <1, if § > 3+ 2y we have

XH)pra ey SO

ii) If zero is not regular, then for fired 0 < ~v < 1/2, if § > 3+ 4 we have

Hefit’H

le™* X )l pra s poe S (7.

One main novelty of these results is that the same time decay bounds hold regardless of the
regularity of the threshold. This phenomenon, to the best of the authors’ knowledge, is found
only in one-dimensional cases without additional assumptions on the structure of the threshold
eigenspace, see [30, 22] for example. A similar bound holds in the case of the two-dimensional
massless case, [17], though one must first subtract off a finite rank operator that decays more

slowly for large t.

1When discussing scalar operators such as —A +m? — A? in the context of the Dirac equation they are to be

understood as matrix-valued, that is as (—A +m? — A\?)1¢a.
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For completeness, we pair these bounds with an argument that controls the high energy portion
of the evolution. We define P,. to be the projection onto the absolutely continuous subspace of

L?. We obtain the following family of bounds.

Theorem 1.2. Assume that V is self-adjoint with continuous entries satisfying |V (x)| < (z)~°.

~

For any fired 0 < v <1, we have

le™ 7 Pac(H){H) > 1o po0— S (6777,

~y

provided § > 3+ 2 if zero is reqular. If there is an eigenvalue at zero, then for any 0 <y < 1/2,
we require 6 > 3 + 4y .

We establish the weighted bounds by developing appropriate representations of the spectral
measure associated with the perturbed evolution. Finally, as an application of the Lipschitz
continuity properties of the spectral measure that we develop, we obtain weaker bounds with

minimal decay assumptions on the potential.

Theorem 1.3. Assume that V is self-adjoint with continuous entries satisfying |V (x)| < (x)™°

~

for some & > 1. If zero energy is reqular, then
HeiitHPaC(fH)(fH>737HL1—>L°° S L

We note that this result is essentially sharp with respect to differentiability of the initial
data and required decay at infinity. The free Dirac evolution requires the same amount of
differentiability, see Theorem 2.2 below.

The class of potentials considered here are of the form obtained by linearizing about a standing
wave solution to a nonlinear Dirac equation, see [9] for example. Our estimates follow by treating
the Dirac evolution as an element of the functional calculus. For the potentials we consider
‘H = Dy+YV is self-adjoint, and o(H) = R. Further, there is a Weyl criterion, o.(H) = o0.(Dp) = R,
and there is no singularly continuous spectrum or embedded eigenvalues, [28, 7]. The spectral
measure may be constructed in terms of the limiting resolvent operators

REN) = lim [Do +V — (A £ie)] .

e—0F

These operators are well-defined by Agmon’s limiting absorption principle as operators on
weighted L? spaces, [1], and their relationship to the Schrédinger resolvents (3). The difference
of these limiting operators provide the spectral measure. Specifically, the Stone’s formula allows

us to express the evolution of the solution operator as

27

(4) TIPS = 5 [ PIRE RIS A
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Our methods seek to understand the perturbed resolvents R‘jﬁ as perturbations of the free
resolvent operators
RE(N) = lim [Dy — (A +ie)] L.
e—0t
Using (2), we obtain the identity RE(\) = (Do + A)RE(N) where RE(N) = (=A — (A £40))~!
are the limiting resolvent operators for the Schrodinger operator. Due to the well-known explicit
formulas for these, one may write explicit formulas for the Dirac resolvent, see (11) below.

Global dispersive bounds that seek to control the L size of solutions are well-studied in the
Schrodinger, wave, and Klein-Gordon contexts, see the recent survey paper [39]. The dispersive
estimates for the three dimensional Dirac equation is more studied going back to the work of
Boussaid [6], and D’Ancona and Fanelli, [14] in the massive m > 0 in the weighted-L? setting.
The characterization of threshold obstructions as resonances and eigenvalues along with their
effect on the dispersive bounds in two and three dimensions has been studied by Erdogan and
the first author in [21], along with Toprak, [23, 24] in the massive case, and with Goldberg in the
massless case [17]. More recent work studied the dispersive bounds in the one dimensional case
by Erdogan and the first author in [22]. See also the recent work of Kraisler, Sagiv and Weinstein,
[35], which considered non-compact perturbations in one dimension. Much of the work relies on
the techniques developed in the study of other dispersive equations, notably the Schrodinger
equation [36, 30, 26, 34, 19], which analyze the effect of threshold energy obstructions.

Nonlinear Dirac equations have also garnered interest. See for example, [27, 37, 4, 5, 13, 8],
and Boussaid and Comech’s monograph, [9]. There is a longer history in the study of spectral
properties of Dirac operators. Limiting absorption principles for the Dirac operators have been
studied in [41, 28, 10, 16, 12]. The lack of embedded eigenvalues, singular continuous spectrum
and other spectral properties is well established, [3, 28, 2, 12, 7].

There has been recent work on the massless three dimensional Dirac equation with a Coulomb
potential of the from v/|z|. Here one must restrict the value of v to an appropriate interval
to ensure there is a self-adjoint extension of the Dirac operator. Danesi, [15], and separately
Cacciafesta, Séré and Zhang, [11] establish various families of Strichartz estimates for these
operators with Coulomb potentials.

Strichartz estimates for potentials of this form are known when zero is regular, [16], in both the
massive and massless cases. By interpolating the bound in Theorem 1.2 with the L? conservation

law, one obtains a family of LP dispersive bounds of the form

T lw

: 3_3_ 3_3
() le™ P (H)2™r " Pac(M) fllpwr S I 7 1 f e, 1<p<2.

As in the classic paper of Ginibre and Velo, [29], these may be used to deduce Strichartz estimates.
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Corollary 1.4. Assume that V is self-adjoint with continuous entries satisfying |V ()| < (z)~?

for some 6 > 3. If zero energy is not reqular, one has

3_ 2 2
S Pefligry Sl SHT=1 a>22<r<00

e () e~

The paper is organized as follows. First in Section 2 we establish the natural decay properties
for the free massless Dirac evolution. In Section 3 we develop expansions of the limiting free
resolvent operators in a neighborhood of the threshold, and use them to establish continuity and
differentiability properties of the spectral measure near the threshold. In Section 4 we prove the
low energy dispersive bounds in Theorem 1.1 when zero is regular. As a further application of
the Lipschitz continuity of the spectral measure, we prove families of time-integrable estimates
on polynomially weighted space in Subsection 4.1. In Section 5 we show that the same estimates
hold even if there is a threshold eigenvalue at the cost of further decay of the potential. In
Section 6 we characterize the existence of zero energy eigenvalues and relate them to the spectral
measure constructed in Section 3. Finally in Section 7 we control the high energy portion of the

evolution.

2. FREE DIRAC DISPERSIVE ESTIMATES

To understand the dynamics of the perturbed solution operator e*imPac(H), we first study
the dynamics of the free solution operator e *?0 when V = 0. In this section we develop the
needed oscillatory integral estimates to understand the free evolution, as well as prove several
estimates about the dynamics of solutions to the free massless Dirac equation.

Due to the relationship between the massless free Dirac equation and the free wave equation,
D(Q) f = —Af, we can expect a natural time decay rate of size |t|~! as one has in the wave
equation provided the initial data has more than 2 weak derivatives in L!(R?). In the case of
Dirac equation, as in Schrédinger equation, the time decay for large |t| may be improved at the
cost of spatial weights.

Much of our low energy analysis will rely on relationships between smoothness of a function

and the decay of its Fourier Transform, which we encapsulate in the following.

Lemma 2.1. Let £()\) be a a function supported on (—1,1) with E(A\) bounded and E'(\) € L.

Then, we have the bound

‘/Remgu) d)\' 5|1|/R

Proof. Since £()\) is bounded and & € L' we may integrate by parts once, the support of £

g0 — 5’(/\ - %) ‘ d.

ensures there are no boundary terms,

/ e EN) dN = 1 / e A (N) d.
R it Jr
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We note that if [¢| < 1 then &'(A — 7/t) = 0 on the support of £(\). Applying the triangle
inequality to the equality above proves the claim. For [¢| > 1 large, we use the support of £, a

change of variables A — A\ — 7/t, and then the fact that e!™ = —1 to write

/e_it)\g/(A)dA:/6—it()\—ﬂ'/t)5/()\—7r/t)d)\:—/e_it)\gl<>\—Tr) dA.
R R . t

Then using the triangle inequality, we have
. 1 ) 1 , 7T
—itA —zt)\ / —it\ | of 1
E(N)dA| = E'AN)dN = |— EN)—=E(A——]]|dA

5’ A——)

X

as desired. O

Using this oscillatory integral bound, we can prove dispersive bounds for the free Dirac

evolution.

Theorem 2.2. We have the estimate
e (Do) ™ || 11 poe S1EITT
Furthermore, for |t| > 1 and any 0 < v < 1, we have

[ (@)~ e™ 0 ( Do)~ (y) =

7’YHL1~>L°° 5 ‘t

Proof. First note that the Stone’s formula, (4), for the free evolution is

(6) eitDo — /R eTINRE — Ry 1N, ) d.

Write pu(A, z,y) = [R{ — Rg](A)(x,y). Utilizing (3) and the well-known expansion for the

limiting resolvents of the free Schrédinger in three dimensions, see (11) below, we have

isin(Alx — yl))_

u(A,x,y)z(—zaV—FA)( 27T|.’E—y|

Similar to the estimates we establish in Lemma 3.1 below, we have the following bounds:
. A
@ )l Smin(I2 ) o ) S 1080z )] S 1 N 2l

For the first bound (with r = |z — y| and é = V |z — y| = (x — y)/|z — y| the unit vector in the

x — y direction) we have

U2, y) = o 8 N2 (x\r cos(Qi\Tr’())\T)Sln()\r)> i sm()\r).
This is bounded by |A|/r, which we obtain by taking |cos(Ar)| < 1 and [sin(Ar)| < [Ar] in the
first term and |sin(A\r)| < 1 in the second term. When |A|r > 1, this is bounded by |A|? as we
may freely multiply by |A|r on the upper bound. When |A|r < 1, we utilize the cancellation of

2rr

the numerator of the first term up to order (Ar)3 to see this is bounded by |A|?r < |A|? as desired.
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The contribution of the second term is more easily seen to be of size |A|? using [sin(\r)| < |A|r.
These bounds hold for any A.
For the derivative, we note that

il
2mO\pu(, z,y) = —ia - V(icos(Ar)) + iXcos(Ar) + isin(Ar)

.
= (a - é)Asin(Ar) + i cos(Ar) + isin(xr)

This is easily seen to be bounded by |A|. Finally,
12703 (N, 2, 9)| = |(a - €)(sin(Ar) + Ar cos(Ar)) 4 2i cos(Ar) — idrsin(Ar)| <1+ A7

For the low energy, we define ug(X, z,y) = x(AN)u(A, z,y), so po and its derivatives satisfy the

corresponding bounds above for derivatives of p in (7). If any derivative acts on the cut-off x(\),

we note that x/()\) is supported on the annulus |A| ~ 1, so that [x*)(\)| < 1 or |\|7* as needed.
Using (7) and the support of x, which is contained in [—1, 1], we have

1
‘ [ e o) dA\ <[ v
R -1

so this integral is bounded uniformly in z,y. To obtain time decay, we integrate by parts once.
Again we use (7), this time to ensure there are no boundary terms

[eminana| = |2 [eOomarnals 1 [ was
R it Jr It]J t]
Here, (7) was used along with the support of x. For the low energy contribution, we note that
the bounds of 1 and |t|~! show that it is bounded by (¢)~!. That is, the low energy contribution
is bounded for all times.

For the weighted bound, rather than integrate by parts again, we employ an argument based
on Lipschitz continuity, which will be helpful for the perturbed case. Take |A1] < |A2] < 1. We

claim the following bound holds on the support of x:
(8) oAz, 2,y) — po(A, 2, 9)| S XM Ae =M, 0<y <1

By the triangle inequality and (7) we have
oAz, 2,y) — po(Ar, 2, )| S el
On the other hand if we apply the mean value theorem and (7), writing I =
[min(A1, A2), max(Ag, A2)], we see
A2

lo(A2, z,y) — po(Ar, z,y)| = ‘ Orpo(s, z,y) ds
A1

S — A Sup [Oxpo(s, 7, y)| S [Aa] [Aa — Aql.
se

Interpolating between these two bounds gives the claim in (8).
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On the support of x, a similar argument shows that
) 1002,z y) = DapoAr, 2, 9)| S Aol e = M (L4 ol [z —y[)?,  0<y <L

Now, for the weighted bound if |¢| > 1 we apply Lemma 2.1 (using (9) with € = po, A; one of
A and A — 7/t) to see

1 1
/ po(A, @ y)dA’ SH ) Nl =yl dA S [t e~y
R

Note that |[z—y| < (x)(y) suffices to establish the claim for low energy, when A is in a neighborhood
of zero. For large |\|, we define the complementary cut-off x¥(A) =1 — x(A). We need to bound

/R eTITN N [RY — Ry 1A, 2,9) dA.

By (7) this integral is not absolutely convergent uniformly in z,y, but these bounds suffice to

ensure there are no boundary terms when integrating by parts.

] [ PR RE - Rgla.0) dx\ ARV 2[R — RGJON, 2, )] d.

~ 1t Je
We note that, on the support of Y, differentiation of the first two terms is comparable to division

by A. Hence, we may bound the above integral by

\t! i

Integrating by parts twice leads to the bound

[P R - Rl | < g [

< j, Ly e g ars w

RIXNNTZTIRG = R\ 2, 9)]| dX

Noting that (z —y) < (z)(y) and interpolating between the two bounds establishes the claim. [

We utilized an argument based on Lipschitz continuity of the resolvents here rather than
integrating by parts twice since such an argument is beneficial in the analysis of the perturbed
operator. Utilizing Lipschitz continuity of the perturbed resolvent in a neighborhood of A =0
will allow us to obtain faster time decay with minimal further assumptions on the decay of the
potential.

The small time blow-up is a high energy phenomenon. We may also utilize the techniques in
the proof above to obtain weaker dispersive bounds that require more smoothness on the initial

data to control the high energy.
Corollary 2.3. We have the bound

e (Do)l e S (07
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Proof. Note that the extra power of (D) ™! is needed to ensure that the integral
[P0 RS - Ryl
R

converges absolutely, using |u(A\)(z,y)| < |A|?. This, combined with Theorem 2.2 suffices to prove
the claim. ]

3. Low ENERGY RESOLVENT EXPANSIONS AND ESTIMATES

In this section we show that, under mild decay assumptions on the potential V', the low energy
evolution of the perturbed solution operator obeys the same bounds as the free evolution. We
do this by developing expansions for the spectral measure [T\’,‘J; — Ry/J(A) in a neighborhood of
the threshold to use in the Stone’s formula, (4). In this low energy regime, we treat R{jﬁ as a
perturbation of the free resolvent RB—L, for which we obtain explicit asymptotic formulas.

To obtain expansions for the perturbed resolvent operators R‘i/()\), we recall the symmetric
resolvent identity. As in previous analyses of the Dirac Equation, [21, 23, 24, 17], using that

V:R3 — C*** is self-adjoint, the spectral theorem for self-adjoint matrices allows us to write
V = B*AB = B*|A|2U[A|2B =: v*Uv, where
A= diag()\l, A2, A3, )\4), with )\j € R,
1 1 1
A2 = diag(IA]2, Phal?, sl 2, [ ] 2),
U = diag(sign(\1), sign(A2), sign(As), sign(Ay)).
We note that if the entries of V(z) are all bounded by (z)~%, then the entries of v(x) and v*(z)
are bounded by (z)~%2. Defining M*(\) = U + vRF (A\)v*, the symmetric resolvent identity
yields
(10) Ry (V) = RG () = Rg (V)" (MF) " (A)oRG ().
We consider M*()\) as a perturbation of M*(0) = U + vRE(0)v* = U + vGov*. We denote this
operator by Ty := M™*(0).

We recall the expansion of the free resolvent for the Schrodinger operator in R3, see [26] for

example, which has

eii)‘ley‘ J . . 7
D (NG + o(M),

J=0

R(T(AQ)(%Z/) = m =

1

W!x — y[971. To write expansions for the

where we define the scalar-valued operators G; =

Dirac resolvent, we use (3) and note that

1) REO)(@.p) = (mic- V4 ) etiXz—y| etiNz—y| < . <j:)\ i > A)
xz,Yy) =(—tx-V + = a-e + + .
‘ Amjz —y| | 4zl —y| |z —y]
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Recall é := (x —y)/|z — y| is the unit vector in the x —y direction. This directly gives the bounds

A
< 2+H
lz -yl |z —y

(12)  |RF(\=,y) and  |OAREN, 7,y)| < + AL

1
|z =yl
Now, we define operators §; in terms of their integral kernels:

1 )
+

== :I:i —_— .
Gy (x,y) 47 8

(13)  Golwy) = —2C  Giay) = ——

Ar|z -yl At|lw —y|’

Recall that these kernels are matrix-valued operators. G; and QSE are 4 x 4 matrices, since
a-é= Z?Zl aje; is a 4 x 4 matrix. Further, we note that Gi(z,y) = (—A) "}z, y)Lca.
Lemma 3.1. We have the following expansions for the Dirac free resolvents:
RE =Go+ A\G1 + EEO, [z —y))
= Go+AG1 +iNGy +E (A |z — yl),

where

A
EE O 2 — yl)] < 2

~Y b
|z — |

OET N |z —yDI S AL 1REF(N |z =y S 1+ Al |z — .

Further, for any choice of 0 < ¢ <1, we have

€5 Nz —yDI S APz =)' 10aE (A |z = gD S (A2 = )",
ORE3 (A 2 =yl S 1+ Al |z — gl

Proof. Using the Taylor expansion of R (\)(x,y) in |A||z — y|, we see

+ , ctirz—y|
Ry (N (z,y) = (—ia- V+ ) ()

At|z — y|
iov- @ A iN? N e
= - EEF(N |x —
dr|z — y|? * Amlz —y| — 8« gr 2 A le —yl)

= go(fU,y) =+ /\gl(xa y) + ZAQQ;(-%?/) + 82:‘:()‘7 |.%' - y|)

where é'gt may be differentiated freely, with differentiation comparable to division by A.
Define EF(\, |z — y|) = RE(N) (2, y) — Go(z,y) — AGi(x,y). Denote r := |z — y|, the Taylor

expansion about A\r = 0 gives the following bounds when |A|r < 1:
(14) EFOISIAR WETA I SIAL |0RET (A ) S L

For large |A|r, using (11) when |A|r 2 1, we see that

+iAr .5 :I:z')\r_l
C (traer N+l e<e )

R(:)t<)‘)(x>y) —Go =

4rr 47
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Using that [e" — 1| < |A|r, we see that this piece may be bounded in modulus by |A|r~!, as can
the contribution of AG;. For derivatives, we have that differentiation is bounded by multiplication

by 7, so that
A 1
(15) ARE Ol S (B )k ettt
roor
Now explicitly writing £5(\, ), we have |EE(\, r)| = [RE(\, 2, y) — Gol(z, y) — AG1(z, y)| < |Alr .
Since Gy is A independent, derivatives are controlled by (15). So that, when |A|r 2 1 we have
RET ) S AP b2 R =0,1,2,

The bounds on |[A|lr 2 1 may be freely multiplied by positive powers of |A|r, while the bounds in
(14) my be divided by powers of |A|r to obtain the bounds in the claim.

The argument for 53[()\,9:,,1;) proceeds similarly noting that EQi()\,m,y) = Eli()\,;v,y) -
i)\zgf(x, y). When |\|r < 1, the Taylor expansion gives an error of size |\[>r, which may be
differentiated freely. When |A|r > 1, we note that

OR (NG5 ()] S N5,k =10,1,2
Combining this with the estimates for £ (\, ) suffices to prove the claim. O

These bounds may be used to obtain Lipschitz bounds on the error term.

Lemma 3.2. Let |A1| < |A\o| < 1, then we have the following Lipschitz bounds for the error

terms. For any choice of 0 < v <1 we have:

£ ke = o) = e = oDl S e =l (2 ),
ONES (A2, 2 = yl) = AEF (A 2 =yl S A2 = M a7 (14 Jz — ).
Similarly, for any 0 < £ <1
€5 N2y 2 = y]) = € (A [z = D) S A2 = Ml ol 7z — g
0AE5 Vo, |2 = y]) = 0rE5 (M, [z — y)| S [Aa = a7 o] CFOOTD (1 4 [ — P H07)),
Proof. We prove the claim for €fc, the proof for SQi is similar, but simpler. The proof is

independent of the £, so we drop the superscript. We begin by bounding |1 (A1, |z — y|) —
E1(Ag, |z — y|)|. We use the triangle inequality and Lemma 3.1 to obtain

A
10wl =) = 0w le - )| S 2L

Using the mean value theorem, we obtain the alternative bound

[E1(A, [z = y]) = E1(h2 |2 =y S A2 = A sup [OAEL (N, [z =y S [A2 = M|zl
S
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Here I is the interval [min(Ay, A2), max(\1, A2)]. Via interpolation, we obtain

| A2

N B ) VS WAL 2 (]
IE1 (AL, |z —y]) — E1(Qey |z — y|)] S (A2 — A -y

We use the same approach for 05\&1 (A, |z — y|). These give us the two bounds

|OXEL (AL, |7 —y|) — OnE1 (A2, |z — y|)| S A2
[OAEL(AL, |2 — y|) — OnEL(Da, 2 — y])| S A2 — A1 Sup 103E1 (N, [z — )]
S

S A2 = Arf(1+ [Aaflz — yl).
We can then interpolate between these bounds to obtain

10xE1 (A1, 2, ) — ONEL (A2, 2, 9)| S A2 — Aa [T (1 + | Agf|lz — y[) VAo
S e = M (A2 + Aoz — y[?).

0

Combining Lemma 3.2 with the first expansion in Lemma 3.1, since the first term is independent

of \ we have
Ry (M) (x,y) = Ry (M) (@, y) = (A2 = A)G1 + & (A, [z — y|) — & (A, [z — y)).
We note that the G; terms cancel in the difference of the derivatives. From this we can see

Corollary 3.3. Lipschitz bounds for EE(\, |z — y|) also hold for the Dirac resolvent. Namely,
for |A1] < |A2| <1 we have
A2 — A Az
REMN)(z,y) — RE ) (2, y §|7—|- Ao — M7 —————|.
‘ O( )( ) 0( )( )| |x—y| | 1‘ |x_y|1,7
\RG (A2) (@, y) — ARy (M) (@, )| S [Aa = Mol 77 (1 + |2 — y ).

To control the evolution of the perturbed solution operator, we must distinguish between the
cases when zero energy is regular and exceptional. To that end, we make the following definition,
which is similar to the definitions for the massive cases [21, 23, 24, 22] and massless case [17]

respectively. These had roots in earlier works on the Schrédinger operators such as [26, 19, 20).

Definition 3.4. We make the following definitions that characterize zero energy obstructions.
i) We define zero energy to be reqular if Ty = M*(0) is invertible on L*(R3).
i) We say that zero is not regular if Ty is not invertible on L2(R3). In this case we define Sy
is the Riesz projection onto the kernel of Ty, so that Ty + Sy is invertible on L*(R3). We
show, in Section 6, the connection of zero energy not being reqular to the existence of zero

enerqgy eigenvalues of H = Do+ V.
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ii1) Noting that vGov* is compact and self-adjoint, it follows that Ty = U + vGyv™ is a compact
perturbation of U. Since the spectrum of U is in {£1}, zero is an isolated point of the
spectrum of Ty and the kernel is a finite-dimensional subspace of L*(R®). It then follows

that Sy is a finite rank projection.
We employ the following terminology from [38, 19, 20]:

Definition 3.5. We say an operator T: L*(R®) — L?(R3) with kernel T(-, -) is absolutely
bounded if the operator with kernel |T( -, -)| is bounded from L*(R3) to L?(R3).

Recall the Hilbert-Schmidt norm of an operator 7" with integral kernel T'(z,y) is defined by

Tl = | |17l dedy,

Recall that Hilbert-Schmidt and finite-rank operators are absolutely bounded.
We now proceed to building expansions for the operators M*(\) when zero energy is regular.

The following estimate is used frequently.
Lemma 3.6. Fiz z,y € R", with0<k,{<n,d>0,k+{0+d>n, k+{F£n:

/ <Z>757 - |IL‘ _ y|—max{0,k+ﬁ—n} Zf |1’ . y‘ <1
R |

z—afkly — 2t~ P e e A P

Consequently, we have that

()70~ 1
16 / dz
(16) ge |2 — z[Fly — 2|* |z —ylP

where we may take any p € [max{0,k + ¢ —n}, min{k, ¢,k + ¢+ 6 —n}] as desired.

Note that for a,b,e > 0 and ¢ > k, we have a *b=¢ < a=% (b=~ + b=%**), which allows for
the application of Lemma 3.6 when k + ¢ =n = 3.

Proof. The first claim is Lemma 6.3 in [18]. The second claim follows by noting that min{k, ¢, k +
{+0—n} > max{0, k+ ¢ —n} noting that if |x —y| < 1 selecting p > max{0, k + ¢ —n} increases
the upper bound, while if | — y| > 1 selecting p < min{k,?, k + ¢ + 6 —n} also increases the
upper bound. O

To handle the case when either k or £ = 0, we recall Lemma 3.8 in [31], which we state in less

generality:

Lemma 3.7. Suppose that 0 < 0,k < 3 with k+ & > 3, then

/ <$>76 dr < <y>3—k—6.
R

sle—ylk
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Lemma 3.8. Assume that |V (x)| < (2)70 for some § > 0. We have the expansion
ME(X) =Ty + MGro* + M (M),

where, for X in a neighborhood of zero, we have | Mo(MN)|| g < 00 provided § > 1, ||OxMo(N)|| g S
|Al < oo provided § > 3, and ||03Mo(N)|| ;¢ < oo provided 6 > 5. Furthermore, for any choice of
0 <~ <1 and for |Ai| < |A2] <1, we have

M (A2) = M) |l g S A2 = MYy provided § > 1+ 27.
Furthermore, if 6 > 3 + 2v we have
10 Mg™(A2) — Mg (M) [l s S 1Az = M.
The Lipschitz bounds also hold for M*()\) in place of M ().

Proof. Recall the definition of M* as well as 7?%
M*E(\) = U + vREM\)v* = U 4+ vGov* + MGiv* + vEE(\v* = U + vGov* + MG (N).

To compute the Hilbert-Schmidt norms, using (13) and Lemma 3.1, we have
MEWEg = [ @ty @ dedy s pE [ S g, <
0 Mz /R6 T Az y)vt(y ﬂ:yNII/RG P zdy S A
Lemma 3.6 was used in the z integral, we use (16) with p = 2. Another application in the y
integral shows the integral is bounded. Then, applying Lemmas 3.1 and 3.6 show the bound.
Similar computations show H@,\M&—L(}\)HHS < |A| and H@/Q\MSE()\)HHS < 0o requiring more decay

from the potential to ensure that

/<x>5<y>5dxdy and /<x>5|x—y|2<y>5dxdy
R6 R6

converge. Applying Lemma 3.6 requires 6 > 3 and § > 5, respectively. Now, we consider the first
Lipschitz bound. For uniformity of presentation, we use that |A| < 1 to obtain the bounds in the
statement. By Lemma 3.2, we have
A2 .
M5 0a) = M5 00| £ P = 2@l (2 Y
The Hilbert-Schmidt norm is bounded by Lemma 3.6, provided § > 1 + 2+.

Finally for the derivative, again by Lemma 3.2, we have
O3Mg (A2) — Mg (A1)| < [o(@)[|A2 = A" Aol (1 + |2 — gl [v* (y)]

This is Hilbert-Schmidt provided that § > 3 + 2~.

Finally, note that M*(\a) — ME(\;) = (A2 — \)vGro* + M (\2) — M (\q) since Tp has no
A dependence, while 9y MF(\g) — I\M* (A1) = \EE(Ng) — O\EL (M) since vGiv* is independent
of \. Using that [X2 — A\1| < |A2] < 1, and the argument above for M (\) suffices to prove the
claimed bounds for M*()). O
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Lemma 3.9. If zero is a regular point of the spectrum and |V (z)| < (z)~0 for some 6 > 1. Then
M*()) is an invertible operator with uniformly bounded inverse on a sufficiently small interval

0 < |\ < 1. Furthermore,

i) If 6 > 14 2v for some 0 <~ <1, then for 0 < |\| < |A2| < 1, we have

(M) A2) = (MF) T M) s S 1Ae = M.

ii) If 6 > 3, then
(17) 10A(MF)H W) g5 < 00
iit) If § > 3+ 27y for some 0 < v < 1, then for 0 < |A\1| < |A2| < 1, we have

[X(MF) 7 (N) = OA(MF) T (A s S (A2 = M7 [Aal-

Proof. We consider the + case only and drop the superscript. By a Neumann series expansion, if
Ty is invertible on L?, denote the inverse by D := Ty 1 as an operator on L2. The fact that D;
is an absolutely bounded operator is established in Lemma 2.10 of [23], which considered the

massive operator. That proof applies here with only minimal modifications.

By Lemma 3.8 and a Neumann series expansion,

M=Y\) = (To + MGiv* + My(A\) ™' = Dy(1 + MvGiv*Dy + My(\)D1)™! = Dy + O(|\),
where the error term is understood as a Hilbert-Schmidt operator. In particular, M ~1(\) is an
absolutely bounded operator on L?(IR3).

By the resolvent identity M ~1(\1) — M~1(A2) = M1 () (M (A1) — M(A2))M~1(A2). Since
M was shown to be invertible, we may apply Lemma 3.8 to see
M) = M )| g S IM T )2 22 (M (M) = M) [ M~ () [ 22 12
S |>‘2 - )‘1|W¢
provided 1 + 2+ > §. For the second claim, (17), we use the identity
(18) AMH(N) = =M )M (W) M (V)
By Lemma 3.8 and the boundedness of M ~! established above, we see

1AM~ (Mlzs S 1AM V) ms S A < oo

Finally, for the Lipschitz bound we recall the following useful algebraic identity

M M M /-1 M
19[4 - [[A40) =3 ( Ak(A1)> (4e0) — Ar(A) < 11 Ak(>\2))-
k=0 k=0 k=0

=0
The algebraic identity ensures that there is a difference of the same operators evaluated at Ao

and A; on which we may apply the previously obtained Lipschitz bounds. By (19) and (18)
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MM (A2) — M~ (A1) = [MH(A2) — M~ (A)]ON(M (A2)) M~ (As)
+ M YD [OM T (\) — M T )M () + MY AN (A)[ME(No) — ML\

Since 9\M~*(\) and M ~1(\) are absolutely bounded, by Lemma 3.8, we see
1AM~ (A1) = M (N2) s S M — Al Aa.

Here, we need § > 3 + 2 to apply the Lipschitz bound of Lemma 3.8. ]

4. DISPERSIVE BOUNDS WHEN ZERO IS REGULAR

Now that we have developed appropriate expansions for the free and perturbed resolvent
operators, we are ready to prove the low energy claims in Theorem 1.1 in the case when zero is
regular. Using the differentiability properties established in Section 3, we develop expansions
of the spectral measure in a neighborhood of zero with similar properties. Using the Stone’s
formula, (6), we reduce the evolution bounds to oscillatory integrals that we control. We first
prove the uniform, L' — L, bounds. Then, in Subsection 4.1 we utilize the more delicate
Lipschitz continuity bounds to prove the large time-integrable bounds at the cost of mapping
between weighted spaces. Finally, we apply the Lipschitz bounds to prove the low energy version
of Theorem 4.7.

By iterating the symmetric resolvent identity, (10), we obtain the Born series expansion:
(20) RH(A) =R5(A) = RGWVRG(A) + Rg MVRG(MVRG (V)
~ Ry WVRG No* (M*) T oRF(VVRF(N).

We iterate so that we have two resolvents on either side of (M*)~! since the kernel of Roi()\)
has a leading term that is not locally L?(R3). The main goal of this section is to use the Born

series expansion to prove low energy dispersive bounds.

Proposition 4.1. Assume that |V (x)| < (z)70 for some § > 3. Then

sup
z,y€R3

/R eINON(RE — Ry) M) (@, 9) dA| S (5.

We prove this Proposition through a series of Lemmas. First, we control the contribution of
the Born series, the first three terms in (20), to the Stone’s formula. We note that the first term

is the free evolution and is controlled in Theorem 2.2.

Lemma 4.2. Assume |V (z)| < (2)70 for 6 > 2. Then for any fived k € N, we have the bound

~

/RemX(A) (Rg(A)(VRg(A))k _ RJ(A)(VRE(A))k) d/\‘ <1

sup S

z,y€R3
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Proof. To utilize the difference between the ‘4’ and ‘—’ resolvent operators, we use the following

algebraic identity.

M M M -1 M
@ [T - T0a =0 (T4 )ar a0 ( 11 40)

k=0 k=0 (=0 *k=0 k=0+1
We first prove the claim when k£ = 1. Integrating by parts and expanding the derivative for
the k = 1 case yields four terms, the first of which we will bound since the other three follow
similarly. Recall that 1o()\, z,y) = x(A\)[Rg — Rg (A, x,y). Using (12) and (7) we integrate by

parts once to see

‘ /R o—ith /Rg a,\(MO(A)(x,z)V(z)Rﬁ()\,z,y))dzd)\‘

t
1 /! 1 1 1 1 1
g/ /<z>5< 5+ + + )dszg,

it J_1 Jrs |z =yl lz—yl |z —zllz—y| |2y t]

here we use Lemma 3.6 since § > 2. This bound is uniform in x and y. The boundedness of

the integral for small ¢ follows without integrating by parts but similarly using (7), (12) and
Lemma 3.6, to control the spatial integrals.

When k£ > 1 we note that applying Lemma 3.6 with § > 2, and (12), on the support of x ()
we have

1 1

+ +

Ry (A V(z1)R, dz1| <

s o (M (@,21)V(21)Rg (21, 22) dza | S |z — 292 T |z — 29|’

which is the same upper bound we use in these arguments for R(jf()\)(x, z2). Hence one may
reduce to the argument when k = 1 by first integrating in the spatial variables of resolvents that

are not differentiated to reduce to bounding spatial integrals of the form considered above. [

Lemma 4.3. If |V (2)| < (2)7° for any 6 > 3 and T'(\) is a absolutely bounded operator satisfying
H ‘F()\)H‘LQ—)LQ + H ’)‘a)\F(A)’HL2_>L2 5 ‘)\‘0+7

then we have the bound

sup
z,y€R3

| PXOREOVRE W TRE (VRE () 4| 5 (07
R

The assumptions on the operator I'(\) are far less stringent than needed here since 9y (M*)~1(\)
is bounded in a neighborhood of zero when zero is regular. We choose to prove a more general

result to reuse in the analysis when zero is not regular.
Proof. As before we integrate by parts once to bound

(22) — sup

‘t’ z,y€R3

/ e "0\ (X(NRT(NVRG (AN TR (A VRE(N)) dA| .
R
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The assumptions on I'(\) and (12) ensure there are no boundary terms at zero. Furthermore,
when || < 1, by (12) we have

(REVRE)(N) (22, 2)| S /R 3 <z1>—6( 1 . 1 ) dm’zzl_w

|zg — z1* |21 — x| |22 — 21|21 — 7

by Lemma 3.6 provided § > 2. Using Lemma 3.6 again in the 29 integral we see that

(23) sup H vRO VRO YN (-, HL2 <1
z€R3
By duality, H(R(j]EVRaEU*)()\)(:I:, -)HL2 < 1 holds uniformly in x as well. Using (12) and
Lemma 3.6, we see
(24) sup [|ox(vREVRE)(A)(z, )| 7. S 1.

z€R3

One uses that § > 3 here to ensure that the contribution the slowest decaying terms after the
applying Lemma 3.6 are in L?. Bringing everything together, we may express the contribution of

(22) by rewriting the integral as

(22) = % /R e AE(N) dA

where
EN) =D (A0 x(N) N2 (R (MVRE (A)v*) (952 T(N) 95 (vR5 (MVRG (V)

and the sum is taken over the indices k; € {0,1} subject to ki + ka2 + ks + k4 = 1. By the absolute

boundedness of T'()\), we have
[EN)] = [(95 x (V)52 (RE(NVRE(Mv*) (52T (V)95 (vRE(MVRE(N)) |
= <a’;2 (VREVRE V), (92T (N) 95 (vRENVRE(N)) >L2
S A (RGVRG) ()| 2 108, 22, )O3 (RGVRGw™)(- )
< 110 (WRGVRG)( >)HL2H|8’§3F

.2

Mgz 2 [0 (REVRGO) ) [ S VT

which holds over the support of y, which is contained in the interval [—1, 1]. Applying this bound
o (22), we have

1
(22) < — sup
‘t‘ z,y€R3

. 1
/e‘”’\é’()\)d)\‘ <1 sup / A" dA < =
R ’ ’:vyERg’ ‘t‘

as desired. The claim for boundedness for small |¢| follows the argument for when k; = 1 without

integrating by parts. O

Now, we prove Proposition 4.1.
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Proof of Proposition 4.1. By expanding R‘jﬁ into a Born series expansion as in (20), we can
control the contribution of each term. The contribution of first term in (20) to (4) is controlled
by Theorem 2.2, the contribution of the second and third are controlled by Lemma 4.2. For the
final term, we do not utilize the difference between the ‘+’ and ‘—’ resolvent, but control each by

applying Lemma 4.3. (|

4.1. Weighted dispersive bounds when zero is regular. We now turn to showing that the
large time integrable bounds hold when zero is regular. Here we utilize the Lipschitz continuity
of the perturbed resolvent and its first derivative in a neighborhood of the threshold at A = 0.

Our main goal is to show the bound

Proposition 4.4. Fiz 0 < v < 1. If |[V(z)| < (x)7° for some § > 3 4 27, then for |t| > 1 we
have the weighted bound

i _ ()7 (y)"

‘ /Re Zt}‘X(/\)[R\J; —RylN)(z,y)dA| NEEEE
This tells us that the low energy portion of the evolution satisfies a large time-integrable
bound as an operator from L' — L>~7. As in the proof of the uniform bound in the previous

subsection, we consider the Born series expansion (20) and bound each term individually.

Lemma 4.5. Under the assumptions of Proposition 4.4, for any fized k € N we have

/R NN (RENVREANF = RG () (VRG (A)*) ‘“‘ < W

Proof. We apply Lemma 2.1 and the Lipschitz bounds on the resolvents using A2 = A and
A1 = A — 7/t for large |t|, so that |A\a — Ai| = 7/|¢| is small. We first consider the case when
k =1. By (21), as in the proof of Lemma 4.2, it suffices to control

. 1 .
(25) /R e Mg\ VRS (N) d\ = o /R e o VRII(N) — Oa o VRN — /t)) dA.
We first consider the contribution of OAMOVR(J{. To utilize the Lipschitz bounds we apply (19) to

(26)  [Oro(N) — Oxpo(A — T /D]VRE(A) + dapmo (A — /O VIRE(N) — RE (N — 7/1)].

Applying (7), (9), (12), Corollary 3.3, and including the spatial variable dependence, we see that

1 Al Al > 1 A2
+ [tV (= .
|z =yl o (”u—m
Since [t| > 1, [N S 1, and |z — 2|7 S (2)7(2)7,

\(26>rsrt|-v<x>7<z>7-5( 1,1 )

lz =yl |z =yl

26)| S [t e — 2|7 AV (2 < +
[26)] < [tz = 2" AV ()] Py Rl pe

Applying Lemma 3.6 to control the spatial integrals, along with the support of x shows that the
contribution of (26) to (25) is bounded by [¢|~177(z)?. In the case that the X\ derivative acts
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on the resolvent on the right, applying (7) and Corollary 3.3 shows that its contribution to (25)

1 B 1 (v)?
e [ 5(|z it W) 4 S

A similar analysis shows that

may be bounded by

W(MW{@ARO(M—fARo(Al)Hsrtr7<y>7<z>”< ot )

|z — x> [z —z['
Applying Lemma 3.6 completes the proof provided § > 3 + 2+.

For k > 1, similar to the proof of Lemma 4.2, we may iterate this argument and apply
Lemma 3.6 to see that the iterated spatial integrals are effectively harmless. Using (21), we
see that we may use the Lipschitz bounds on one resolvent in the product, while the remaining
resolvents are all bounded as before. Applying the bounds (7), (8), (12) and Corollary 3.3

repeatedly suffices to prove the claim. O

)

We now turn to the tail of the Born series. We do not rely on the difference between the ‘4
and ‘—’ resolvents here, since we showed the iterated resolvents are locally L? in the proof of
Lemma 4.3, we bound both the ‘4’ and ‘—’ resolvent contributions in one step. As before, the

assumptions on I'(\) are less stringent than needed in the case when zero is regular.

Lemma 4.6. Fiz 0 < v < 1, and suppose that T'(X) and 0\I'(\) are absolutely bounded operators
satisfying

T 122 + ATV 2y 2 S NPT,
and the Lipschitz bounds
[IT(A2) = T2, 2 + 1T (A2) = LD 2,2 S A2 = A [ A7,

when 0 < |A\1| < [Xo| < 1. If [V (2)| < (2)70 for some § > 3+ 2v, then for |t| > 1, we have the

bound

()7 (y)"

[ ORIV RE (TR VR 0| <
R |¢[1+Y

Proof. Again, we reduce this to an application of Lemma 2.1 and the Lipschitz bounds for
the resolvents and I'(\). We consider only the ‘+’ case, the ‘—’ follows identically. The first
assumptions on I' and (12) ensure there are no boundary terms at zero when integrating by
parts. After one application of integration by parts, we have two cases to consider. Either the
derivative acts on a resolvent, or it acts on I'(\). Consider the first case, here we note that it

suffices to consider

(27)

/ e (NARE N VRE (W TR (VNVRS (V) dA|.
R
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Noting the Lipschitz bounds in Lemma 3.9, it suffices to show that the iterated resolvent and its
derivative satisfy appropriate Lipschitz bounds. Applying (21), we see that
(28) (HRHVRG (h2) — (BRFIVRG (M)
= [} RS (N2) = BREADIVRS (Na) + ARG A)VIR (A2) — R (A)]-
When j = 0 applying the bounds in (12), Corollary 3.3 and Lemma 3.6, to Ao = Aand \; = A—7/t
when [t| > 1 we see that

1+ |x— _ _
L= < e -y
|z —yl

To apply Lemma 3.6 when k 4 ¢ = 3, we used the crude bound a='672 < a= 2072 +a~'b~! for

o [ Al

Re |z — 21|

a,b > 0. Applying a similar argument when j = 1 results in a weight in x, namely the first

summand contributes

,51+|Zl -

(03RS () — AXRFAIVRE ()l £ 1177 [ (1 fo = 1)) P B ey 1o

From this, through an application of Lemma 3.7, we can see the Lipschitz bounds of the L2

norms of iterated resolvents
(29) [o()RGVRG (A2) —v(- )RGVRG (A)ll2 S It177,
(30) [o(-) (OAIRG VRG (A2)I(+,y) — ARG VRG (A, 9) 2 S 1H77 ()7

Noting that the spatial integrals that arise in applying Lemma 2.1 and (21) to (27) may be

controlled by a sum of terms of the form:
[(BLRFVRS (A2)](z, +) — L RTVRE(AD](+,2))v* (4] 2
x 12T oy o[0T RG VRS V]| 12
J, 0" (][ ][1082 (0 A2) = T || oy 2 [0 RGVRE V] 2
Iz, )0 ()| 2 [1OET | o 2 |0 ORIREVRE (A2) = REVRE (M)l 22,

where j1,j2,73 € {0,1} and j1 + j2 + j3 = 1. Combining equations (29), (30), the assumptions

*

+ ]| RGVRE (A
+ |0 [RGVRE (A

A
), - )
), - )o(

(%

on I', and the support of x show that

2D]S

9

/ e AE(N) dA
R

where £(\) is supported on (—1,1) and £'(\) is integrable with
€' (N) = E'A=m/O)] S [t177 (@) () AT

Applying Lemma 2.1 proves the claim. d
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We note here that the Lipschitz bounds used for the resolvents in the proof, Lemma 3.2 and
Corollary 3.3, the extra smallness in A was not used. That is, we dominate all positive powers of

|A2| by a constant in this proof. We are now ready to prove Proposition 4.4.

Proof of Proposition 4.4. By expanding R{jﬁ into a Born series expansion as in (20), we can
control the contribution of each term. The contribution of first term in (20) to (4) is controlled
by Theorem 2.2, the contribution of the second and third are controlled by Lemma 4.5. For the
final term, we do not utilize the difference between the ‘+” and ‘—’ resolvent, but control each by

applying Lemma 4.6. g

We note that one can apply the Lipschitz bounds directly without integrating by parts to
prove weaker versions of this theorem that require less decay on the potential as in Theorem 1.3.

Namely,

Theorem 4.7. Fiz a value of 0 < v < 1. If zero is regular and |V (x)| < (z)70 for some
0 >1+4 2, then

le™* ™ Pac(H)X(H)l| 11 S (8) 77

This shows, for weaker decay on the potential, that the low energy portion of the evolution

may be controlled. In particular, the evolution is bounded if § > 1.

Proof. Instead of applying Lemma 2.1 as in the proofs of the previous theorems, if £(\) is
bounded we instead apply

/Re_”’\f()\)d)\’ g/R 5(A)—5<A—:>’d)\

to the Stone’s formula, (6). This follows from the proof of Lemma 2.1 without integrating by

parts first.

Here, instead of iterating the resolvent identity directly, we note that we may write

(31) R (M) (2,y) = x(Na =y R (N)(x,y) + XAz — y)R§ (A (2, y)
=RE(N)(@,y) + R (A)(@,y).

Here ¥ = 1 — x is a smooth cut-off away from a neighborhood of zero. By the expansions

developed in Lemma 3.1, we have (for £ =0, 1)
(32) AREWN) (@, )l Sle =yl JAREN (2, 9)] S A |z =yl
In particular, we note that ’RE is a locally L? function of x or 3. As before, we may use these

bounds to obtain Lipschitz bounds (for |A;| < |A2] <1 and any 0 <y <1)

[A2 — Auf7
(33) IRE (M) (z,y) — RE(M)(z,9)| S 1z — P
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[A2| [A2 — A1]”

(34) R (A2)(2,y) = Ry (A1) (2, )| < P——

From here we may selectively iterate the symmetry resolvent identity:
RV =Rg(W)o* (MF)™ (Ao
to form a Born series expansion tailored to optimize the decay needed from the potential.
(35) REN) = REN) — RE AW (ME) T WwRE(N) — RE (A VRev* (ME) L (AR T ()
— R (No* (MF) ARG VRE(A) + REAVRG (Ao (M) A)wRF (A VRE(A).

Using (31) and Lemma 3.7 RE(\)(x, - )v*(-) is in L? uniformly in = provided § > 1/2. On the
other hand, using (34) and Lemma 3.7 shows that

IRE (A2)(, - )v* () = Rig(An)(, - )v* ()2 S A2 = M| Aol
uniformly in x provided § > v+ 1/2. Applying (19) we see that
REMN)VRo(A2)v* — RE(M)VRo(M)v*
= [Rp(A2) = REQDIVRG (A2)v™ + Ry (A1) V[Ro(A2) — Ro(h)Jv*

By (12), (32), (33), and Corollary 3.3 we see that the size of the integral kernel of this operator
is bounded by

e = 2Pl [ WG

Applying Lemma 3.6, we note that the integration smooths out the local singularity enough to

1+|2’1—Z2’ 1—|—’21—22’7 >
+ le.
|v — 2127721 — 222 |z — 21]2]21 — 22|

be locally L?. The decay of the resulting upper bound in terms of x, 2o is constrained by the

case when k = 2 and £ = 1 — . From this we see that if § > 1 + v we have the upper bound

(20)= 5

HRf()Q)VRO()\Z)U* - Rf()\l)VRo()\l)U*](% 22)’ SAe — Al”m‘

Applying Lemma 3.7 we see
sup IRE (M2)VRo(A2)(z, +) = RE(A)VRo(A)(, ) ()2 S [A2 = Al
zeR
A similar analysis shows that if § > 1, then
sup [|R7(A)VRo(N)(x, )llz2 < 1.
z€R3
We further require § > 1 + 2 to obtain the Lipschitz bounds on (M*)~1(\) in Lemma 3.9.
The claim now follows by selecting Ao = A and \y = A — 7/t for |t| > 1, here E(\) =
X(N)[R{> — R/ ](A). The spatial integrals are controlled by the L? norms found above with an

analysis similar to that in the proof of Lemma 4.3. U
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5. DISPERSIVE BOUNDS WHEN ZERO IS NOT REGULAR

We now consider the low energy evolution when zero energy is not regular. As shown in
Section 6 below, if zero energy is not regular the operator H has a zero energy eigenvalue. This
further complicates the inversion process near the threshold, and results in an expansion for the
spectral measure that is singular as A — 0. We show that this singularity may be overcome,
with only a slight increase in the needed decay on V. We show this by utilizing the cancellation
between the ‘4’ and ‘—’ resolvents that was not needed in the regular case to overcome the loss
of powers of A\ that arise due to the presence of a zero energy eigenvalue.

The main result of this section are the dispersive bounds when zero is not regular.

Proposition 5.1. Assume that |V (x)| < (z)70 for some & > 3. If zero is not a regular point of
H, then

sup
z,y€R3

[ e R - RO @) dA' <@

Further, for fired 0 < v < %, if 6 > 3+ 4, then for |t| > 1 we have the weighted bound

/Re—ith()\)(R‘t - Ry)(N) () d)\' S W

sup
z,y€R3

These dispersive bounds follow by developing an appropriate expansion for the operators
(M*(X))~! that account for the existence of the zero energy eigenvalues in Proposition 5.6 below.

To invert M*(\) = U + vRE(A?)v*, for small \, we use the following Lemma (see Lemma 2.1
in [33]) with S = S, the Riesz projection onto the kernel of Ty = M*(0) = U + vGov*.

Lemma 5.2. Let M be a closed operator on a Hilbert space H and S a projection. Suppose
M + S has a bounded inverse. Then M has a bounded inverse if and only if

B=S-SM+S)"'S
has a bounded inverse in SH, and in this case
M7t'=M+S) 7 +(M+S)'SB1S(M +S) L.
Here, we have
BE(A) = 81 — S1(MF () + S1) 7' S1.

We note that, with a slight abuse of notation, the expansions for (M*)~1(\) in Lemma 3.9 all
hold for (M*(A) + S1)~! with Dy = (Tp +.S1)~'. When zero is regular, S; = 0, so the definitions
agree in this case.

For the Lipschitz bounds we note the following fact about products of Lipschitz functions.
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Lemma 5.3. If f, g are functions supported on 0 < |[A| < 1 with |f(A2) — f(A1)] < Crlra — A1]?,
lg(X2) — g(A1)| < CylAa = M|V If, for all 0 < [N < 1, we have |f(X)] < My and |g(\)| < M,
then

1F9(A2) = Fg(M)| S (CgMy + CypMg)[Ag — M

The proof follows from (19) and the triangle inequality:

[f9(A2) = fa(A)| = [f(M)g(A2) — g(A)] + [f(A2) — F(A)]g(A2)]-

The quantities My, M, may be functions of A that become singular as A — 0. The same argument

may be applied to see that
10x(f9)(A2) = O (f9)(M)| S (CgMyr + Cp My + CpMg + Cy My)[ Ay — M7

When we use this in the expansions below, only one of these bounds gets large near zero, the
remaining quantities are bounded. This allows us to push forward Lipschitz bounds while also
accounting for any singularities.

To obtain the dispersive bounds, we need a slightly longer expansion for (M 4 (\) + S1)~ L.

Lemma 5.4. Assume that zero is not regular, and that |V (z)| < ()79, For fited 0 < ¢ <1, for
sufficiently small |A| if 6 > 3 + 20 we have

(MF(X) + S1)7" = D1 + AD1wGiv* Dy + N> DiT5 Dy + D1 M7, (M) Dy,
where F;t are A independent, absolutely bounded operators, and Mfe(A) satisfies
1AM, (M) lms S NTEF, k=0,1.
Furthermore, if 6 > 3+2(y+£(1—7)) for some 0 <~ <1, then for 0 < |A| < || < 1, we have
M, (A2) = M7, (M) s S (A2 = Al Aol T,
1OAMGE, (A2) — OAME, (M) [lazs S (A2 — Aa |7 Ao HHOU=D),

Here we keep the first two terms in the expansion explicit since their exact form will be

important when we invert the operators BT ().

Proof. Recall the definition M*()\) in (10), the second expansion for RF in Lemma 3.1, and
that Ty + S is invertible on L? from Definition 3.4. With a slight abuse of notation, we write
Dy = (Tp + Sl)*l. This agrees with our previous notation in the case when S; = 0. Expanding

in a Neumann series, we have
(ME) +81) 7 = (To + S1 + AGiv* + iNvGEv* + vggc()\)v*)fl
= (14 D1(MGiv* + iNvGEv* + U(‘:Qi()\)v*)_ Dy
= D1 — AD1wG1v* Dy + N’ D1[vG1v* D1vGiv* — ivGyv*] Dy + DiM{,(A) Dy
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Here one needs § > 3 + 2 to ensure that the operator with integral kernel v(z)EE (), [z — y|)v* (y)
is Hilbert-Schmidt. The bounds on the error term follow from the error bounds on & ()\) in
Lemma 3.1, the subscript ¢ indicates the extra powers of A in its upper bounds.

The Lipschitz bounds follow from Lemma 5.3 since we may write Mfg()\) as a combination
of absolutely bounded operators with powers of A and vgzi()\)v*. In these combinations, any
term with no v€5 (A\)v* has at least three powers of A\. The Lipschitz bounds on £ ()\) and its
derivative in Lemma 3.2, along with the fact that Lipschitz bounds apply to functions of the form
f(\) = ¥ for any k € N. All terms in M, ; are dominated by the contribution of v&€F(A\)v*. O

Lemma 5.5. Assume that zero is not regular, and that |V (z)| < (x) 9. For fited 0 < £ < 1, for
sufficiently small 0 < |A\| < 1 if § > 3+ 2¢ we have
(BE(\) L = —% + Dol'g Dy + B ,(N),
where F(jf are A independent absolutely bounded operators.
1XBE (Mlms SATF, k=01
Furthermore for fited 0 <~ <1 if 6 >34+2(y+£(1 —7)), then for 0 < |A1| < || < 1, we have
IB*, ,(A2) = B, (M) lis S [Aa = A7 |Ag 7Y
10ABE, ((A2) — OnBE, (M) s S e — M [T a [0 7771,

Proof. Recalling that S1D; = D151 = S1, to use the inversion technique of Lemma 5.2, we first

need to invert the operators
BE(\) = 8; — S1(M*(\) + 51)7Ls,
= S — 81| D1+ AD1vG1v* Dy + N> D1Ty Dy + D1 M, (M) Dy | Sy
= —AS10G1v* St — A2 STy S1 + Biy(A)

The leading 57 is canceled out by the leading contribution of the second term. Here sz()\)
obeys the same bounds as Mlif()\) since S; is a A independent L?-bounded projection. Defining
Boie(k) = —A‘lBlié()\), we see that

105 BE,(Mllas S NHF k=01

By Lemma 6.3 below, the operator SivGiv*S; is invertible on S;L?. We denote Dy :=

(Slvglv*Sl)*l. Then, by a Neumann series expansion we have

1 -1
(BE(\) ! = Y [Slvglv*& + )\Slrétsl + B@(A)}
1 Tpy =2

- [11 + ADoSITES) + DQBO%E(A)} Dy =

3 + Dol'g Dy + B ,(N),

A
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where we collect all the error terms from the Neumann series into Bj_c1 ¢s» which by the error

bounds in Lemma 5.4 yields
105 B, ((Mllas SN, k=0,1.

For the Lipschitz bounds, we need to consider cases since the power on A may be negative. The
error term here is composed of products of )\_QMfz()\) and operators of the form /\FaE with Fgﬂ
independent of A. As such, the limiting factor is the Lipschitz behavior of )\_2115;()\)1)*, since
the remaining terms are dominated by this one. We write A(\) = A"265(\)(z,y) and r = |z —y|
to illustrate where the more stringent decay conditions on V' arise.

We consider cases. First, if [A\a — A1| & |A2|, then either [A;| < |A2| or A1 and A2 have opposite

signs with |A\1| & |A2]. In either case, by Lemma 3.1 we have
[AQ) = AQDL S Pl 7 & A2 = T2,

where \; = Ay if the exponent is positive and A; if the exponent is negative. On the other hand,
if [A2 — A1| < |A\2] then we must have |A;| &~ |A2| where A\; and Ay have the same sign. We may

then use the mean value theorem to write
A2

[A(N2) — A(M)| = MA(s)ds| < [ha — M|l

A1
we note that zero is not in the interval over which we integrate. Interpolating that with the
bound from the triangle inequality of |Az|r yields the bound that is dominated by |\y —
A A|FVED el Here we note that the singular behavior of the derivative can’t be improved
in the interpolation process since the upper bound from the triangle inequality does not involve
powers of Ap.

A similar case analysis with the derivative shows the second Lipschitz bound:
O3A(2) = DA S Ao = M[7 [\ DA =2 (7)),

where the power on \; simplifies to £(1 — ) — — 1. The assumptions on ¢ are need to ensure
that the kernel v(z)(z — y)7H0=v*(y) is Hilbert-Schmidt. The contribution of the remaining
terms in ijl ,(\) are dominated by these bounds. O

The preceding lemmas serve to prove the following expansion of (M*)~1()\) in the presence of

a zero energy eigenvalue.

Proposition 5.6. Assume that zero is not regular, and that |V (z)| < (x)70. For firted 0 < £ < 1,
for sufficiently small 0 < |A| if § > 3 + 2¢ we have
Do

(M*)~1(\) = -+ T + M (V)

where
o5 M, (MNlas SAF, k=0,1.
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Furthermore for fized 0 <~y <1 if § >3+ 2(y+£(1—7)), then for 0 < || < || < 1, we have

IME ,(A2) = ME (M) s S [ha = M7 Aq[ 7D,
10XMZ] ,(A2) — M= ,(M)l| s S [Aa — AT\ [0

We note that the difference between the ‘+’ and ‘—’ terms is not used in the arguments in
Section 4 when zero is regular. Hence the & dependence of the order A° term will not affect our

ability to use these bounds in this case.

Proof. Using Lemmas 5.2, 5.4, and 5.5, we have

(M*)™H(X) = Dy + AD1vG1v* Dy + A*D1Ty Dy + D1 M, (A) Dy

A
(D1 + ADywG;v* Dy + XDiTE Dy + Dy M, (A Dy )

D
- (Dl + AD1wG1v* Dy + A2 DTS Dy + Dlee()\)Dl) Sy <—2 + DoTE Dy + BfM(A)> Sy

Expanding this, the most singular contribution with respect to the spectral parameter is

Sngle __S1D251 __&
by 1= N

—Dy
The next largest contribution with respect to the spectral parameter is the \° term,
foi = D1 — Dlleglel’UglU*Dl - Dlvglv*DlSnglel + D151D2F§D251D1.

The remaining terms form the error Mfl s~ The error and its first derivative are dominated by
the contribution of D15 B:—Ll E(A)SlDl. The first claim on the error term follows from Lemma 5.5.
By an application of Lemma 5.3, the Lipschitz bounds on ijl , in Lemma 5.5 and the absolute

boundedness of the various operators suffice to show the Lipschitz bounds for Mfl o ]

It is convenient to define the function
:ul()\a z, y) = >‘_1,U’0()\7 x, y) = )‘_1X(A) [RE)‘F - R(;]()‘)(wa y)

Lemma 5.7. The following bounds hold:

. 1 1
‘/’LI(A7xvy)| §m1n<‘)"7‘x_y‘> ) ‘aAMI(A7x7y)’ 517 ‘8§M1(A,$,y>} 5 m—i_‘x_y‘

Furthermore, for any v € [0,1] and |A1| < |A2], the following Lipschitz bounds hold:
1\
i 0a,2.9) = O, )] S o = Al i (vl )

1 Yy
O Cras 2, ) — Ot s 2 9)] < P = A7 (w e y|) .
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The first claim follows by dividing (7) by A and the first Lipschitz bounds follows by interpo-
lation. For the Lipschitz bound on the derivative, a case analysis as in the end of the proof of
Lemma 5.5 is required.

To establish the first bound we may select £ = 0+ in the expansion of (M*)~! in Proposition 5.6.
The Lipschitz bounds in Proposition 5.6 restrict our choices for v and ¢. We must select ¢ so
that £(1 —~) —~ > 0 to ensure integrability near zero. To do so, we select 1 > ¢ = ﬁ—i—, which
restricts v to 0 < < 1/2. Under these conditions, 3 4+ 2(y + ¢(1 — v)) = 3+ 4v+. To obtain an

estimate that is integrable at infinity, we may select v = 04 with ¢ = ¢, for some small ¢ > 0.
Proof of Proposition 5.1. From (20) and Proposition 5.6, we have

Ri:(A) =Rg (A) = Rg (MVRG (V) + Ry A)VRG (MVRG (M)

—RENVRE(N)v* ( -+ T+ Mfm(x)> VRENVRE(N).

By Lemmas 4.2 and 4.5, we only need to consider the last term. Furthermore, by Proposition 5.6
the operators fgﬂ + Mfl s(A) satify the hypotheses of Lemmas 4.3 and 4.6, so we need only
consider the contribution of Ds.

Since Ds is independent of the A and =+, using (21) we have

D D
R(TVRSU*TQUR(J{VRJ - RgVRav*%vREVRa
= mVRyv* DovRy VRy + Ry Vv *DavRy VR
+ R(—)’—VRS_U*DQ’U,LHVRE + RS_VR(—)’—'U*DQURS_V,U,L

We choose to move the singular % to the difference Rg —R, to take advantage of the cancellation
and smallness near zero and use the bounds in Lemma 5.7 directly.

We now consider the first bound in the claim. We consider the contribution of the first term in
the equation above; the argument for the other three is similar. The proof follows the argument
in Lemma 4.3 replacing one resolvent with g1 (\). The bounds on p; in Lemma 5.7 allow us to

integrate by parts with no boundary terms

— [ PNNIRS = Ry)VRG v SERG VRGN ) dA

1
gt

R

Then for ki, ko, k3, ks € {0,1} with ) k; = 1, the integrand is composed of sums of operators of

the form

e A 1y VO Ry v Davd* Ry VISR, .
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Now observe that v@'j"’R[} V8];4R6 is L? by the boundedness of Dy along with (23) and (24) in
the proof of Lemma 4.3. Now observe that by (15), Lemmas 5.7, 3.6 and 3.7, on the support of
X(\) we have

< 1.

~

sup
z€ER3

(O VO R v ) (V) (a.)

L2
Then, by (23) and the absolute boundedness of Ds, we have

, 1
sup / eI WATHRIVREv* DavREVRY — Ry VRy v* DovRy VR I(N) (2, ) dA| < Tk
R

z,yeR3

Here the spatial integrals are controlled as in the proof of Lemma 4.3.

For the weighted bound, we adapt the proof of Lemma 4.6 to account for the effect of u.
Since the smallness in A of the resolvents isn’t used in the proof of Lemma 4.6, the bound in (29)
is valid if we replace one Rg with 1, the only new term that arises is the contribution of terms

involving dyp1. We note that

|[Oxp1(A2) = D (M)]IVRo(A2) (2, 22) |

1 g 1 Dol
<o — M\ |7 L _ -5 p
S e =l /RS<|A1|+'$ Zl') ) <|zl—z2|2+|zl—zQ| o

1 1
< g = M7 () o dz1 S (A2 = M|\ 77 ().
Sha =@ [ (St ) da S e - AP )

Here we need § > 2 + v to apply Lemma 3.6. In particular, using Lemma 3.7 this shows that
I[Oxp1(A2) = Opr AV Ro(A2) (2, - )o™ ()2 < (Ao = Au|"[Aa] 77 ()™

From here, the proof follows exactly as in the regular case with the above bound used in place of
(30). The restrictions on 7 arise when using the Lipschitz bounds on dy(M*)~! since we need

(1 —~)—~—1> —1 to ensure integrability near zero. O

Remark 5.8. The constraint on v in Theorem 1.1 is an artifact of the proof. It should be

possible to prove similar results for 1/2 <~ <1 by using longer expansions. That is, writing
Ro(A) = Go+ AG1 + NGy + NGy + &5 (A, |z — y))

where ggt = i@a c e — @ would allow for an error term of size N>(N|z — y|)¢ for any
0 < ¢ < 1. Using this in expansions for M*, B* and considering longer Neumann series
expansions would allow for control of the error terms that avoids the bottleneck in the proof of
Proposition 5.1. Since our proof allows for a time-integrable bound, we omit this approach for

the sake of brevity.
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6. THRESHOLD CHARACTERIZATION

For completeness, we prove the claims in Definition 3.4, which connect the existence of
threshold eigenvalues with the L? kernel of the operator Tp. The characterization of the threshold
is similar to that of the massless two dimensional case, [17], with roots in the massive case
in [21, 23] and Schrodinger equation [33, 26, 19]. Though the lack of zero energy resonances
simplifies many calculations. Recall that H = Dy + V.

Lemma 6.1. Assume that |V (z)| < ()72, If ¢ € ker(Tp), then ¢ = Uvy) with v a distributional
solution to Hip = 0 and 1 € L*(R3), that is ¢ is an eigenfunction. Furthermore, 1 € LP(R3) for
all p > 2.

Proof. Take ¢ € ker(Tp) for ¢ € L?, so
0=Top=Ud+vGpv"p=0 = ¢=—-UvGyv*o.
Define ¢ :== —Gyv*¢, then ¢ = Uvyp. Now, H=Dyg+V = —ia- V+V,
Hyp = (=i - V + V) = —ia - Vip + 0*Uvtp = —iar - V(Gov* o) + v* .
Here, recalling that Gy = —ia - VG where Go(z,y) = (4r|z — y|)~! = (=A)~(z,y), we have
—ia - V(Gov*¢) = —ia - V(—ia - VGou*p) = A(=A) "1 ¢ = —v*¢

distributionally. So,

Hip = —ia - V(Gov*p) + v ¢p = —v ¢+ v"¢ = 0.

That is, if ¢ € ker(Tp) we have H1) = 0 in the sense of distributions. Now, to show that ¢ € L2
we note that ¢ = —Gov*¢ with ¢ € L2. We can dominate the kernel of Gy as follows: |Go| < 7y
where Z; is the fractional integral operator with integral kernel Z(z, y) = c|z — y| 2. By Lemma
2.3 in [32] Z,: L*° — L? provided o > 1. If we assume |V (z)| < (z)7° for some § > 2, then
v*¢ € L>1F and we conclude that ¢ € L?(R?).
Further, by the Hardy-Littlewood-Sobolev inequality, Z;: L?(R3) — L(R3), hence we have
¥ € LS(R3). Using that 1 = —Gov*¢ and ¢ = Uvep, we have 1) = —GoV)
w0l £ Vo) s [

dy < ||V —y| 2 <1.
Dy < Ve ol 20 g Il <
The last inequality holds uniformly in z € R? provided |V (y)| < (y)~? for some § > 1/2 by

Lemma 3.7, hence ¢ € L. O

This argument also shows that zero energy resonances do not exist. If ¢ € L2735~ solves
H1p = 0, the same argument shows we can bootstrap 1 € L?, hence 1) is an eigenfunction.
We define S to be the orthogonal projection onto the kernel of T'. By standard arguments, S;

is a finite rank projection, see Definition 3.4 above.
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Lemma 6.2. Assume that |V (z)| < (x)727. If H = 0 with o € L?, then ¢ = Uvyp € S1L2, i.e.
Tod = 0.

Proof. If 0 = Hv, then ia - Vip = Vo = v*¢. To show that ¢y = —Gov*¢, noting that
¢ = Uvp € L?> C L , we have that v*¢ € L'. Recalling that Gy = —ia - VG, so that

loc?

A(—ia - VGo)v*¢ = —v*¢ in the sense of distributions, we see that
—ia - V[i) + Gov*¢] = —ia - Vi + AGv* ¢ = v* ¢ — v* ¢ = 0.

This shows that ¢ + Gyv*¢ is annihilated by the gradient, we must have that v + Gyv*¢ =
(c1,ca,c3,c4)T is a constant vector. But, ¢» € L? and the argument in the Lemma above shows
that Gov*¢ € L% Hence, (c1,ca,c3,c4)T € L2, which necessitates that ¢; = 0 for each j. Thus,
1 = —Gou*¢ as desired.

Noting that ¢ = Uvyp = —UvGyv* ¢, and recalling that Ty = U + vGov*, i - VYo = Vp = v* ¢,

we see that
Top = U + vGov* ¢ = vip + vGoV ) = vip + vGogv* ¢ = vip — vp = 0.
Hence ¢ € S1L? as desired. O
Now, we show that SjvGiv*S; is always invertible on S;L2.
Lemma 6.3. We have the identity
(36) (Gov™e, Gov™d) = —(v" ¢, G1v" ).
Furthermore, the kernel of S1vGiv* St is trivial.

Proof. We first note that Gy = —ia - VGg, where Go = (—A)~!, moving to the Fourier side we

see:

(G 6.G00°0) = [ 23 (A(76. A© e de

where
0 0 £ —i&i+&
0 0 ] —
A(€) = . i1+ &2 €3
€3 —i&1 + &2 0 0
iG+& =& 0 0
We note that A(€) is self-adjoint and A*(£)A(€) = [£]|?I4x4. From here, we see that

1
s [§1?

On the other hand, we recall the Schrodinger resolvent Ro(A?) has Fourier transform (]¢]? — \2)~L.

(Gov* 6, Gov'6) = /]R (7, 0 )t de.

Evaluating the Schrodinger resolvent at —\? for any A > 0 in the resolvent set, then one has



THE MASSLESS DIRAC EQUATION IN THREE DIMENSIONS 33
F(Ro(—=X?)) = (|¢]* + A?)~L. Using the expansion that Ro(—\?) = Go + O(\°") as A — 0.
Recalling that G; = Gplyx4, we have (again going to the Fourier side)

(076.G10°0) = Jimy (470, Rol=N") st 0) = Jim [ s (0,07 e

Applying the dominated convergence theorem, we bring the limit inside the integral to see

* * I = * *
076.010°6) = [ | 125 (07, 0B} crde = (Gov" 6. 00" ),
as claimed.

Now, take ¢ € S1L? in the kernel of S1vG;v*S;. By Lemmas 6.1 and 6.2 we have 1) = —Gov*¢

and ¢ = Uvy. Since S1vGi1v*S1¢ = 0 we have:
0 = (¢, S10G10*S19) = (v ¢, G1v"¢) = (Gov*$, Gov*d) = [[]|72-
Hence v =0, and Uvy = ¢ = 0. ]
This shows that S;vG;v*S; is invertible on S;L? as desired. It follows that
Py = GovS1[S1vG1v*S1] 1 S1v*Go = GovDav*Go

The proof of this is follows the argument of Lemma 7.10 in [21], which proved this in the massive
two-dimensional case. We do not use this projection, so we leave the proof to the interested

reader.

7. HiGH ENERGY

Finally, we control the high energy portion of the evolution to complete the proofs of The-
orems 1.2 and 1.3. Here one cannot use the expansions for R‘i/ developed for the low energy

expansions. Instead, we use the limiting absorption principle, [17]:

1
(37) sup [|OYRE N L2tk 20—k S 1, o> k=0,1,2.
A>0

5
This requires only that |V (x)| < (z)~!'~ and that V has continuous entries. For high energy one
has a sharper control on decay of the potential, though it requires continuity of the potential.
Here we cannot use the Lipschitz continuity argument invoked in the low energy regime, but
instead proceed via integrating by parts in the Stone’s formula, (4). We also selectively iterate
the resolvent identity by decomposing Rg into Ry and Ry as in the proof of Theorem 4.7, here
with an eye on minimizing the growth in the spectral parameter A rather than to limit the needed

decay on V.
Proposition 7.1. Let [V (z)| < (x)7° for some 6 > 1 with continuous entries. Then

sup
z,y€R3

LN RS - Ry ) | S 1
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If 6 > 2, then

sup
z,y€R3

Further, if 6 > 3 we have the weighted bound

[P0 RY Ry @) dx\ S

‘ /R TP TPTIRY — RyI(W)(x,y) dA\ < <fi‘<2y 3

When ) is bounded away from zero, we recall (31) and note that By the expansions developed
in Lemma 3.1, we have (for £ =0,1,2)

1

38 FEREN (2, 9)| <~

ARG (M (@, )| S Al |z — g/

In particular, there is only growth in A when Rfl appears, while Rf is more singular in the
spatial variables which necessitates iteration of the Born series. A straight forward computation

using Lemma 3.7 shows that for o > k + 1/2 we have
(39) 105 RE (V) (@, )l 2o S A )

In particular, this bound is uniform when k£ = 0,1. While Riﬁ and its derivatives are not locally

L?. Accordingly, we write (omitting the + for the moment)
(40) Ry =Rop —RoVRyg+ RoVRyVRy.

The first term is controlled by Theorem 2.2 and Corollary 2.3. For the second term we need

Y

to utilize the difference between the ‘+’ and ‘—’ resolvents in the Stone’s formula, while the
third term requires more careful and selective iteration. We note that the factor of (\)=3~ is
needed here since each iteration of Ry or Ry contributes a growth of size A in the spectral
parameter. To ensure the \ integral converges at infinity, we must control a growth of size |\|?

and be integrable at infinity. We prove Proposition 7.1 in a series of lemmas.

Lemma 7.2. Let |V (z)| < (x)7° for some § > 1. Then

swp | [ RN REVRY — Ry VRGN ) dN| S 1
z,y€R3 | JR
If 6 > 2,
s | [ ORI RGVRS — Ry VRGN ) A S
z,yeR3 | JR
If § > 3,

‘/e—it)\kv()\)</\>—3—[’]'\{[‘)"v728' — Ry VRyI(N) (2, y) d)\‘ S <7Z|<2y>'
R
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Proof. By (21) and symmetry, it suffices to bound [R§ — Ry ]V R . For the first claim we write
the resolvents on the left as Rg = Ry, + Ry and consider cases. For the contribution of R on the
left, we note that the difference of resolvents satisfies both (7) as well as the bounds for Ry, in (38)
by the triangle inequality. As a consequence, we have |[Rf —R7](\)(z,y)| < min(|A?, |z —y|~2),

which then implies

(RE— RN (@, )V (HREN) = 9)| < <z>-5(

On the right side we wrote Rgp = Ry + Ry and used (32). If Ry is on the left, we do not use

any cancellation between ‘+’ and ‘—’ resolvents but note that we may multiply by |\||z — 2| as

‘)\’0+ ’)\’1+ >
|z — 22|z =yl |z =27z —yl?

needed to ensure the spatial integrals are bounded uniformly in z and ¥, so

1+ 0+
R (M), 2)V (2)R§ (M (2, 9)| S <Z>6< A By )

o=z lz =yl |z — 27z -y
In any case, by applying Lemma 3.6 with § > 0, we see that the spatial integrals are bounded

uniformly in z,y. Hence, we have

/e—it)\i(/\)</\>—3_[R3'V'Ra' —RoVRyI(N)(z,y) d/\‘ S sup /<,\>—2— d\ < 1.
R R

z,y€R3

sup
x,y€R3

We consider the second bound. By (7) and (12), the support of the cut-off and the decay of
(A\)737, there are no boundary terms when we integrate by parts. We note that differentiation
of the cut-off and ()73~ is comparable to division by A. By the triangle inequality we need to
bound

[¢] / oA X 7 (RG = Ry)VRG (N ()] [dA.

Using the bounds in (7) and (12), the above integral is dominated by

1// ~ - _5< 1 1 1 1 >
— X(A) (A z + + + dz d\
] Jr Jre W [z =zl =yl [z—yl -2 |z

1 1
So [ WS o
] Jr I

where we require § > 2 to apply Lemma 3.6. In the case when the derivatives don’t act on

a resolvent, we interpolate between the two bounds for () in (7) to bound the difference of
resolvents by |[A|**|z — z|7!T to avoid the logarithmic singularity in the spatial integral.

For the final bound we may integrate by parts a second time without boundary terms. Ignoring
when the derivative acts on the first two terms, whose contribution is bounded by |t|~! using the
argument above, we use (7) and (12) to control

1

2 [ [T 07 e (Rg - RV Rg ()]

1 —1- s {x)(z) +|x — 2| () w) {z) {y)
< - R()\> /RS<Z> < +1+ )dszg )

Sz = 22 ==l 2
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where we used |z — z| < (z)(z) and require § > 3 to apply Lemma 3.6. O

Lemma 7.3. Let |V (2)| < (2)70 for some § > 1 with continuous entries. Then,

sup
z,yeR3

If 6 > 2 we have

/ e PN NTPTTREVREVRE (M) (2, y) d)\‘ S L
R

sup
z,yeR3

If § > 3 we have

/Re—itkg(A)<A>—3—R§VR$VR§(A)(:E,y) dA‘ St

/]R e T REVREVRE (V) (2, ) d)\‘ < <‘””|z|<2y>.

Proof. In this case we do not utilize the difference between the ‘+’ and ‘—’ resolvents, but do

selectively iterate. Accordingly, we suppress the + notation and write

(41) RoVRvVRo=RuVRyvVRH
+RLVROVRyVRg + REVRyVROVRL + RLVR)WRyVRoVRS.

Using (38) and (12), with k; € {0,1,2} and ki + ko = k, we see that

Z—é
}a’;(RL(A)(x,z)v(z)Ro(w,y))\5/ z) ( L N )yz—y|k2

re ARtz — 2P\ [z —y]? |z -y
(2)7° k
< (A — (1 - dz.
SO [ -
Applying Lemma 3.6, if k = 0,1 we bound by (A)(1 + |z — y|™!) provided § > 1. Applying
Lemma 3.6 shows that
(42) sup H@l)f(RLVRO()\)(x, MNizz-o S (A) kE=0,1,
z€eR
provided o > k +1/2 and 6 > 2. When k = 2 we see that

(43) 10X (RLVRo(N) (@, )2 S (W) (),

~y

provided ¢ > 3/2 and ¢ > 2.

Using (41), we may express the integral we need to bound as

(49 [ €T ) LLa )V Ry (WY T2, () )
R
where (39), (42) and (43) show that (for j = 1,2)
(45) sup 18Tz SN, k=0,1,  [|3T2(N)lr2—0 S (A=),
xTe

provided o > k+1/2 and 6 > 1+ k for £k =0,1,2. The bounds hold for I'; , as well, and remain
valid for the adjoint operators since V is self-adjoint and (R(jf)* =R
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The first claim follows by writing the operators in the integrand in terms of the L? inner

product, (45), and the limiting absorption principle (37). Taking o = %—F and § > 1, we have
44|<’/ ST L), VRy (A2, (N)) . dA
S [V IO oo [V RY (T2 (W 120 42
S I R L P [ PR g PR L PR

< /()\)‘1‘ dx < 1.
R

This bound holds uniformly in z,y € R3. For the second claim, we integrate by parts. The

bounds in (45) above and the decay of (\) ™3~ ensure there are no boundary terms.

(44| < //
1t| R3

where k; € {0,1} and > k; = 1. The operators in the integrand may be controlled as in the first

XN (N3 BT (N VIM Ry (N VP Ty (M) (x, y)d)\‘

claim using (45) and the limiting absorption principle (37) as follows

k k
Ha)\SI‘LwHLZ—(%-Hcg)—||VHL2,—(%+I€4)—_)L2,%+I€3+Ha)\‘le()\)HLQ,—(%-HM)—
ks
HV”L2,7(%+k5)—_>L2,%+k4+||a>\ FQ,J:()‘)”L2,7(%+I¢5)7 5 <)‘>2'
The decay on V is needed to map between weighted spaces, one needs 0 > 2 to ensure multiplica-

tion by V maps L[> 3~ — L2327, Since only one k; can be nonzero, this suffices to control the

spatial integrals and see that

1
sup [(44)] < // —.
z,y€R3 1t| R3 W

The final bound follows similarly by integrating by parts and noting that ) k; = 2. In this case
again using (45) and (37) we have

103 T 10 N Ry (N)

L2’_(%+k3)_ HV||L2,—(%+k4)—_>L2,%+k3+ ” ”LZ,—(%+I€4)—

k
HV‘|L2,f(%+k5)7*}L2,%+k4+Ha)\SFQ,x(A)HL2,7(%+I€5)7 S <>\>2<w><y>

Here, one needs § > 3 since max(|k; — k;|) = 2, the mapping between weighted spaces must map

between spaces of the form L?°~ — L>°13. We have

i [ [ ans S

Proposition 7.1 follows expanding Ry as in (40) and applying Theorem 2.2, Corollary 2.3,

0

Lemmas 7.2 and 7.3 to control each term individually.
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