1.0 Electrical Systems

The types of dynamical systems we will be studying can be modeled in terms of algebraic equations, differential
equations, or integral equations. We will begin by looking at familiar mathematical models of ideal resistors,
ideal capacitors, and ideal inductors. Then we will begin putting these models together to develop models for
RL and RC circuits. Finally, we will review solution techniques for the first order differential equation we
derive to model the systems.

1.1 Ideal Resistors

The governing equation for a resistor with resistance R is given by Ohm’s law,

v(t) = Ri(t)

where v(t) is the voltage across the resistor and i(t) is the current through the resistor. Here R is measured in
Ohms, v(t) is measured in volts, andi(t) is measured in amps. The entire expression must be in volts, so we get
the unit expression

[volts] = [Ohms][amps]

1.2 Ideal Capacitors

The governing equation for a capacitor with capacitance C is given by

i(t)y=C ot

Here C is measured in farads, and again v(t) is measured in volts and i(t) is measured in amps. This expression

also helps us with the units. The entire expression must be in terms of current , so looking at the differential
relationship we can determine the unit expression

[amps] = [farads][volts]/[seconds]

We can integrate this equation from an initial time t, up to the current time t as follows:

i(t)=C St

éi(t)dt — dv(t)

Next, since we want to integrate up to a final time t, we need to use a dummy variable in the integral that is not
t. This is an important habit to get into—do not use t as the dummy variable of integration if we expect a
function of time as the output! Here we have chosen to use the dummy variable A . Also we incorporate the fact
that at time t, the voltage is v(t,) , while at time t the voltage is v(t)

1 t v(t)
= t{ i(A)di= [ dv(2)

v(t,)
Carrying out the integration we get
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1¢.
< tj i(A)dA =v(t)-v(t,)
which we can rearrange as

v(t) :v(t0)+%j[i(/1)dl

t
This expression tells us there are two components to the voltage across a capacitor, the initial voltage v(t,) and
the part due to any current flowing through the capacitor after that time, %ji(i)dﬁ
Finally, these expressions help us determine some important characteristicstoof our ideal capacitor:
e |f the voltage across the capacitor is constant, then the current through the capacitor must be zero since
the current is proportional to the rate of change of the voltage. Hence, a capacitor is an open circuit to

dc.

e Itis not possible to change the voltage across a capacitor in zero time . The voltage across a capacitor
must be a continuous function of time, otherwise an infinite amount of current would be required.

1.3 Ideal Inductors

The governing equation for an inductor with inductance L is given by

di(t)
v(t)=L——
©=L=
Here L is measured in henrys, and again v(t) is measured in volts andi(t) is measured in amps. This expression

also helps us with the units. The entire expression must be in terms of voltage , so looking at the differential
relationship we can determine the unit expression
[volts] = [henrys][amps]/[seconds]

We can integrate this equation from an initial time t, up to the current time t as follows:

di(t)
dt
L ydt = dig)
L

v(it)=L

Next, since we want to integrate up to a final time t, so we again have chosen to use the dummy variable A .
Also we incorporate the fact that at time t, the current is,i(t,) while at time t the current is i(t).

1 t i(t) )

=[v(yda= | di(2)

L t0 i(to)
Carrying out the integration we get

1§ o
Et{v(l)dﬁ,:l(t)—l(to)

which we can rearrange as
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it) =i(t,)+—[v(1)d2
L
This expression tells us there are two components to the current through an inductor, the initial current i(t,) and

the part due to any voltage across the inductor after that time, — _[ v(A)dA.

Finally, these expressions help us determine some important characterlstlcs of our ideal inductor:

e If the current thought an inductor is constant, then the voltage across the inductor must be zero since the
voltage is proportional to the rate of change of the current. Hence, an inductor is a short circuit to dc.

e Itis not possible to change the current through an inductor in zero time .The current through an inductor
must be a continuous function of time, otherwise an infinite amount of voltage would be required.

2.0 First Order Circuits

A first order circuit is a circuit with one effective energy storage element, either an inductor or a capacitor. (In
some circuits it may be possible to combine multiple capacitors or inductors into one equivalent capacitor or
inductor. ) We begin this section with the derivation of the governing differential equation for various first order
circuits. We will then put the first order equation into a standard form that allows us to easily determine
physical characteristics of the circuit. Next we show an alternative method for checking some parts of the
governing differential equations. We then solve the differential equations for the case of piecewise constant
inputs, and finish the section with an alternative method of solving the differential equations using integrating
factors.

2.1 Governing Differential Equations for First Order Circuits

In this section we derive the governing differential equations that model various RL and RC circuits. We then
put the governing first order differential equations into a standard form, which allows us to read off descriptive
information about the system very easily. The standard form we will use is

ﬂ)+ﬂ0_KMO

Here we assume the system input is x(t) and the system output is y(t) . 7 is the system time constant, which

indicates how long it will take the system to reach steady state for a step (constant) input. K is the static gain of
the system. For a constant input of amplitude A (x(t) = Au(t), where u(t) is the unit step function), in steady

W)

state we have ——= =0 and y(t) = Kx(t) = KA. Hence the static gain lets us easily compute the steady state

value of the output. For circuits with capacitors the differential equation will in general be in terms of a voltage
(the output y(t) will be a voltage), while for circuits with inductors the differential equation will in general be in

terms of current (the output y(t) will be a current) .

Example 2.1.1. Consider the RC circuit shown in Figure 2.1. The voltage source is v (t) . We start to derive the
governing differential equation by determining the single current in the loop

vV (t) v, (t) i (t)=c e dv,(t)

ip (t) = =—=———— m

or
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C ch (t) _ Vs (t) - Vc (t)
dt R
wherev,(t) is the voltage across the capacitor and the current in the loop is equal to the current through the
resistor i, (t) and the current through the capacitor i (t). We can put this into a more standard form by

rearranging the terms

dv, (t) _
RC T +V, (t) =V, (t)

If we define the time constantz = RC , then we have

dv, (1
dt

T

+V, (1) =v(t)
Here the static gainK =1.

V(1)

Figure 2.1. Circuit for Example 2.1.1.

Example 2.1.2. Consider the RC circuit shown in Figure 2.2. Again the voltage source is v,(t) . We again start
to derive the governing differential equation by determining the current through resistor R, ,

I(t) — Vs (t) —Ve (t)

R
This current must be equal to the sum of the currents through the capacitor and R, ,

a

R, dt
Equating these we get the governing differential equation:

it) = A (t)R_VC (t) _ ch(t) L dvét(t)

a

Rearranging terms we get
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dv® (1, 1), o L
C it +(Ra Rj (t) v(t)

¢l BtRy (9= 2w

dt R.R,
or
R,R,C dv,(t) V() = R, v.()
R,+R, dt TR,
s R.R,C L
With time constantz = —2 and static gain K = we get
R, +R, . TR,
dV av. () +V, (t) = Kv,(t)
d
Ra
+
R S
vs(t) < Ve -~ ¢

Figure 2.2. Circuit used in Example 2.1.2.

Example 2.1.3. Consider the operational-amplifier circuit shown in Figure 2.3. The input voltage is againv,(t)
and the output voltage (the voltage across the load resistor R, ) is the same as the voltage across the capacitor

(since the + terminal of the op amp is assumed to be grounded). We will assume an ideal op amp, which implies
the conditions

i"t)=i(t)=0
vi(t)=v (t)
Let’s look at the currents flowing into the negative (feedback) terminal of the op-amp using the ideal op-amp

model. Since for our example the non-inverting terminal is tied to ground we have v*(t) = 0. With these
assumptions our governing differential equation becomes

V(D) V(D) dv
R, R, dt

a

O:

Rearranging this gives
cdve® v _ v
dt R, R

a

or
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dv, (t)

RC 2y, ) = 2w, (1)

Setting the time constant z = R,C and static gainK = —% we finally have

a

dV () —==+V_(t) = Kv,(t)

Rp
—/\/—

C

\ |

/B

Vo (t)

Vs (1) () ]

Figure 2.3. Circuit for Example 2.1.3.

Example 2.1.4. Consider the RL circuit shown in Figure 2.4. The single current in the loop is given by

v, () =V, (1)

i(t)=
(="
where
v, (t) = dl(tt)
Combining and rearranging we get
IO, iy =v. )
or
L di(t)
+i(t v t
=g HiO=2v0
With time constant ¢ :% and static gain K :% the governing differential equation is
dl(t)
+i(t) = Kv(t
m i(t) = Kv,(t)
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R

V(1) v () -

Figure 2.4. Circuit for Example 2.1.4.

Example 2.1.5. Consider the RC circuit shown in Figure 2.5. The single current source must be divided
between the current flowing through resistor R, and the current flowing through the capacitor C,

i (1) = viq(t) L dvét(t)

Rearranging we get
dv, (1

dt

R,C +V, (t) = Ri (t)

With time constantz = R, C and static gain K =R, the governing differential equation is

dv, (1
dt

r +v, (1) = Ki, (t)

Ra

is () Ro — Ve(t) — ¢

Figure 2.5. Circuit used in Example 2.1.5.
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2.2 Thevenin Resistance, Time Constants, and Static Gain

Although we are focusing our attention on deriving the governing equations for first order circuits, it is useful
and very convenient to be able to check our equations as much as possible.

First of all, for first order RC circuits the time constants will be of the formz = R C,, where R, is the Thevenin
resistance seen from the ports of the equivalent capacitor, C, . For first order RL circuits the time constants will

L,
be of the form 7 =—= whereR, is the Thevenin resistance seen from the ports of the equivalent inductor, L., .
h
Recall that when determining the Thevenin resistance all independent voltage sources are treated as short
circuits, and all independent current sources are treated as open circuits.

Secondly, if we are looking at constant inputs, then we use the fact that a capacitor is an open circuit to dc and
an inductor is a short circuit to dc. In addition, for constant inputs in steady state all of the time derivatives are
zero (in steady state nothing changes in time).

Example 2.2.1. Consider the circuit shown in Figure 2.1 (Example 2.1.1). The Thevenin resistance seen from
the capacitor is equal toR , so the time constant is z = RC . For a dc input, the capacitor looks like an open
circuit, so in steady state the voltage across the capacitor is equal to v, the input voltage, so the static gain is

K =1. These results match our previous results.

Example 2.2.2. Consider the circuit shown in Figure 2.2 (Example 2.1.2). The Thevenin resistance seen from
R.R, R.R,C

the capacitoris R, =R, ||R, = . For a dc input, the

, SO the time constant isz =R, C =
a b a + b
capacitor looks like an open circuit, so in steady state the voltage across the capacitor is given by the voltage

- . . R L R .
divider relationshipv, = . bR v, so the static gain is K = . bR . These results match our previous results.
+ +R,

a b a
Example 2.2.3. Consider the circuit shown in Figure 2.3 (Example 2.1.3). The Thevenin resistance seen by the
capacitor is a little more difficult to determine, and to do it correctly is beyond the scope of this course. For a dc
input, the capacitor looks like an open circuit, so summing the currents into the negative terminal of the op amp

. R L R
we have¥—°+v—5: 0, or in steady state v, = —R—va Hence the static gain is K = —R—b.

b a a a

Example 2.2.4. Consider the circuit shown in Figure 2.4 (Example 2.1.4). The Thevenin resistance seen by the
inductor is R, = R. For a dc input, the inductor looks like a short circuit. Hence the steady state current

flowing in the circuit for a dc input is i = %vs , SO the static gain is K = %

Example 2.2.5. Consider the circuit shown in Figure 2.5 (Example 2.1.5). The Thevenin resistance seen by the
capacitor is R, = R, so the time constant is 7 = R ,C . For a dc input the capacitor looks like an open circuit, so

in steady state v_ = R,i, so the static gainis K =R, .

2.3 Solving First Order Differential Equations

In this section we will go over two methods for solving first order differential equations. We will initially solve
the equations by breaking the solution into the natural response (the response with no input) and then the forced
Copyright © 2009 Robert D. Throne 8



response (the response when the input is turned on). We will apply this method to problems where the input is a
constant value, or is switched between constant values. This method will also work with any input, and we will
examine the results for a sinusoidal input later. In the last section we will go over a different method of solution
using integrating factors, which will work for any type of input, and is an important method in helping us
characterize how a system will respond to any type of input.

2.3.1 Solution using Natural and Forced Responses

Consider a system described by the first order differential equation

r% + y(t) = Kx(t)

In this equation, 7 is the time constant and K is the static gain. We will solve this equation in two parts. We
will first determine the natural response, y, (t). The natural response is the response due only to initial

conditions when no inputs are present. Then we will determine the forced response, y, (t) . The forced response

is the response due to the input only, assuming all initial conditions are zero. The total response is then the sum
of the natural and forced responses, y(t) =y, (t)+ VY, (t).

Natural Response: To determine the natural response we assume there is no input in the system, so we have the
equation

dy, (t)
“In/ tY=0
Tt +Y,(t)

Let’s assume a solution of the formy_(t) =ce", wherec and r are parameters to be determined. Substituting
this assumption into the differential equation we get

rree™ +ce =ce"[rr+1]=0
Ifc =0 then we are done, and the natural response will be y_(t) =0. This solution certainly satisfies the

. : : . . 1
differential equation. However, ifc # 0, and since e™ can never be zero, we must havezr+1=0,0r r=—=.In
T

this case the natural response will be
-t/

Yo (t) =ce

Forced Response: To determine the forced response we must know the system input, x(t) . We will initially
assume an input that is zero before t =0 and then has constant amplitude A for t>0,

X(t) = 0 t<0
A 20
Then for t >0 we have the equation
dy, (t
rydf—t()+ y; (t) = KA
Since this is a linear ordinary differential equation we only need to find one solution. One obvious solution to
dy, (t
this equation is the solution in steady state, when y(;t( ) =0. In steady state we have
Yi (t) = KA

Note that for a constant input, the steady state output is the product of the static gain and the amplitude of the
input.

Total Solution: The total solution to the problem is the sum of these two solutions
Copyright © 2009 Robert D. Throne 9



y(t) =Y, () +y, (t) =ce™" + KA

Now assume the initial time is t =0 and the system is initially at rest, i.e. there is no energy stored in the system
so y(0) = 0. Substituting this into our equation we have y(0) =0=c+KA, or c =—KA, and our total solution is

y(t) = KA(L—e™")

For simplicity, let’s write our steady state value explicitly, so y(«) = KA and we have the solution

y(t) = y(o)1-e™")
Finally, let’s determine a more general form of the solution for y(0) = 0. Then we have

y(0)=c+KA=c+ y(»)
or
¢ =y(0) - y()
so the total solution is

y(t) =[y(0) - y(0)[e™" + y(0)

Significance of the Time Constant

In much of what we do, we will be concerned with the time constants of a system in one way or another. Let’s
look at the response of our first order system assuming the system is initially at rest ( y(0) =0) and the final

value is one (y(«) =1). Let’s look at the response of our system as the time t takes on the values of integer
number of time constants:

Time (t) | t/z | y(t)=1-e""
0 0 0
T 1 0.632
27 2 0.865
3r 3 0.950
47 4 0.982
5t 5 0.993

Figure 2.6 show this result graphically, The way this information is usually interpreted is that a system is within
5% of its final value in 3 time constants, within 2% of its final value in 4 time constants, and within 1% of its
final value in 5 time constants. Hence the use of time constants gives us a quick way to describe one aspect of
the behavior of a system. As we will see, as the systems become more complex, the use of time constants
indicates which part of the solution is the most important and how the system responds to periodic inputs (sines
and cosines).
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Example 2.3.1. Consider the circuit in Figure 2.2 (Example 2.1.2). Let’s first assume R, =R, =2kQand
C=1uF .Then R,=1kQ, 7=1ms, and K =0.5. Next we will assume the initial voltage on the capacitor is
zero (v, (t,) =Vv.(0) =0) and the input is as follows:

0 t<0
2 0<t<8
v (t) =
-2 8<t<16
1 t>16
! : : : ‘ ‘ ;
| | | | |
| | | | |
N [ I S S [ R B
1 ; 1 1 1 1
| | | | | |
| | | | | |
0.8L--——_—___ i____4 _ O ___ L __ Lo ___ d_ o ____ o __ _|
1 1 1 1 1 1
| | | | | |
| | | | | |
07 R S R e .
| | | | | |
| | | | |
| | | | |
06 ---=-ghemnmedeoneao ] CEEETS ERRRRR oo |
| | | | | |
| | | | | |
| | | | | |
cos, f . s .
| | | | | |
| | | | | |
| | | | | |
oa [ IR L A R L I -
1 1 1 1 1 1
| | | | | |
osl [ I N S L R ]
1 1 1 1 1 1
| | | | | |
| | | | | |
02-4----- to e A e o= H-——— - —————— —
1 1 1 1 1 1
| | | | | |
| | | | | |
o1#F---—-—-- b — = N e — - — = — = o —— == N l— - ——— — — —
1 1 1 1 1 1
| | | | | |
| | | | | |
0 | | | | | |
0 1 2 3 4 5 6 7

Number of Time Constants

Figure 2.6. Graph of y(t)=1-e " for t=07 upto t=77z. y(t) is within 5% of its final value in 3 time
constant, within 2% of its final value in 4 time constants, and within 1% of its final value in 5 time constants.

Here the input is in volts and the time is measured in milliseconds. We now want to determine the output. We
will do this by looking at the initial and final values for each time interval, where the time intervals are
determined by the times during which the input voltage is constant. The differential equation is

r%+ v, (t) = Kv,(t)

Clearly y(t) =v_(t) and x(t) =v,(t) . The solution in each interval will be of the form

y(®) =[y(0) - y(0)]e™ + y(0)
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At this point we just need to be able to determine what y(0) and y(c) mean for each interval.

First interval (0<t <8 ms) : We have the initial value in this interval y(0) =v,(0) =0 volts. To determine the

final value, we use the static gain and the amplitude of the input for this interval.

Hence for this interval, we have the solution
V(1) = y(t)=—e " +1=1-¢ 0™

Before we go on to the next interval we need to figure out the value of y(t) at the end of this interval, this value
will be the initial point during the next interval. At the end of the interval we will have

y(0.008) =1—¢ %00 —1_ % - 0,99966 ~1.0
Second interval (8 <t <16 ms) : The initial value for this interval will be the end point of the previous interval,
so y(0) =1. To determine the final value we again use the static gain
1
V() = Ke(-2) = 2o(-2) =1

We now have almost everything we need, however, our solution assumed a time of zero was measured at the
beginning of the interval. Hence to use our previous solution we need to subtract the time at the beginning of
the interval from our actual time in our form of the solution, so our time will be measured from the beginning of
the interval. Our solution for this interval is then

y(t) — [1_ (_l)]ef(tfo.OOS)/‘r + (_1) — zef(t70.008)/0.001 _1
At the end of this interval we will have
y(0.016) = Qg (0016-0.008)/0.001 _1 _ 908 _1-_0.99933~-1.0

Third interval (t >16 ms) : The initial value for this interval will be the end point of the previous interval, so
y(0) =-1. To determine the final value we have

Again we must scale our solution so time is measured from the beginning of the interval, so we have
y(t) =[-1- 0_5]e—(t—0.016)/z' 1+ 05=_1.5e (t-006)/0001 , 7

Total solution: To get the total solution, we list the solutions during each time interval:
0 t<0

1—gt/o00 0<t<8ms
v. () =y() = 0p-(1-0008)/0001 _ 1 8<t<16ms

—1.5g (F00O/000L L 5 t>16ms
. . .. dv_(t .
To get the current through the capacitor, we use the relationship i.(t) = C% for each time interval above.

Doing this we get
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0 t<0
dv_(t) 0.001e % 0<t<8ms
Tdt | 0.002¢ 000000 gt 15 ms
~0.015¢ (-0018/0001 ¢ > 16

i (t)=C

Here i_(t) is measured in amps.

Figure 2.7 shows the input voltage, the voltage across the capacitor, and the current through the capacitor as a
function of time. Note that the voltage across the capacitor is continuous, as it must be. However for this input,
which is discontinuous, the current through the capacitor is discontinuous. Let’s also look at the answer to see if
we can check our results and if the answer makes sense. When the source voltage is initially turned on, the
voltage across the capacitor is zero and all of the voltage generated by the source is equal to the voltage across
resistor R, . If there were any voltage drop across R, at the initial time, there would also be a voltage drop

across the capacitor since they are in parallel. In steady state, the capacitor looks like an open circuit, so there is
no current flowing through the capacitor and the maximum possible voltage at this time is half the voltage of
the source, which agrees with our results. In this example the input was held constant for an equivalent of eight
time constants, so the voltage across the capacitor had essentially reached steady state.

Finally is useful to point out that if the voltage across the capacitor is described by the relationship
Vo () = [V (0) ~ v, (0)]e™"" +V, (o)

Then the current through the capacitor is given by

i (t)=C

dvc (t) _ C _ 0 ~t/t
T - [Vc (0) Vc( )]e

T
What this means is that if the voltage across a capacitor is growing exponentially, then the current through the
capacitor is decreasing exponentially. Similarly, if the voltage across a capacitor is decreasing exponentially,

the current through the capacitor will be growing exponentially. This is also behavior our results show. Similar
results also hold for inductors.

Copyright © 2009 Robert D. Throne 13



2 ! E [
I I I I
N [ [ - ‘
S l l l l
S Ob------— - __ K L [ IO, O
g | | I I
) I I I I
N s b e R
I I I I
VISR R : — SRS R
0 5 10 15 20 25

Vc(t) (volts)

i.® (MA)

Cc

Time (ms)

Figure 2.7. Results for Example 2.3.1.

Example 2.3.2. Consider the circuit in Figure 2.4 (Example 2.1.4). Let’s firstassume R =R,=100Qand
L 0.01

L=10mH.Thenr=—= 100 - 0.0001=100xs and K=0.01. Next we will assume the initial current through
the inductor is i(0) =10 mAand the input is as follows:
0 t<0
2 0<t<0.1
v (t) =
-3 0.1<t<0.25
4 t>0.25

Here the input is in volts and the time is measured in milliseconds. We now want to determine the output. We
will do this by looking at the initial and final values for each time interval, where the time intervals are
determined by the times during which the input voltage is constant.

The differential equation for this system is again
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di(t) .
—=+1(t) = Kv,(t
m (t) = Kv,(t)
Clearly y(t) =i(t) and x(t) =v,(t) . The solution in each interval will be of the form

y(®) =[y(0) - y()]e™ +y(0)
At this point we just need to be able to determine what y(0) and y(e0) mean for each interval.

First interval (0<t<0.1ms) : We have the initial value y(0) =i(0) = 0.01amps in this interval. To determine
the final value, we use the static gain and the amplitude of the input for this interval

: 1
i(00) = y(0) = Ke2 =——2=0.02
(0) = y(0) 100

Hence for this interval, we have the solution
y(t) =[y(0) - y(0)]e™" + y(0) =[0.01-0.02]e " +0.02 = —0.01e~"**** +.0.02

Before we go on to the next interval we need to figure out the value of y(t) at the end of this interval, this value
will be the initial point during the next interval. At the end of the interval we will have

y(0.0001) = —0.01e V0% 4 0,02 = -0.01e* +0.02 = 0.01632

Third interval (0.1<t<0.25ms) : The initial value for this interval will be the end point of the previous
interval, so y(0) =0.01632 . To determine the final value we again use the static gain
y(0) = K+(=3) = 0.01+(-3) = -0.03

We again need to subtract the time at the beginning of the interval from our actual time in our form of the
solution, so our time will be measured from the beginning of the interval. Our solution for this interval is then

y(t) =[0.01632 — (—0.03)]e %" 1 (—0.03) = 0.04632¢ (-000V/0001 _( 03
At the end of this interval we will have
y(0.00025) = 0.04632¢(0000%-00000/00001 _ g 03 — 0,04632¢ ° —0.03 = -0.01966

Fourth interval (t > 0.25 ms) : The initial value for this interval will be the end point of the previous interval, so
y(0) =-0.01966. To determine the final value we have

y(o0) = K+4 =0.04
Again we must scale our solution so time is measured from the beginning of the interval, so we have
y(t) =[-0.01966 — 0.04]e " *%*'* 1 0,04 = —0.05966¢ ('"*02)/0%%0 | 0 04

Total solution: To get the total solution, we list the solutions during each time interval:
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0 t<0
—0.01e V0% 1 0,02 0<t<0.1ms
0.04632¢ (1700000100001 _ 03 0.1<t<0.25ms
—0.05966¢ (100002900001 L n 04 t>0.25ms

d()

iL(t) = y(t) =

To get the voltage across the inductor we use the relationship v, (t) = L———= and compute the voltage for each

time interval. Doing this we get

0 t<0
=9 di (t) _ g 1000t 0<t<0.1ms
Y dt —4,632¢(1-0:000D/0.0001 1 <t (.25 ms

5l966e—(t—0.00025)/0.0001 t> 025 ms

Figure 2.8 shows the input voltage, the current through the inductor, and the voltage across the inductor as a
function of time. Note that the current through the inductor is continuous, as it must be, while in this case the
voltage across the inductor is not continuous. Again let’s look at our solution to see if it makes sense. First of
all, the voltage/current relationships for the inductor are consistent with what we expect. The initial current in
the inductor is 10 mA, as we require, and the initial voltage from the source is 2 volts. Applying Kirchhoff’s
laws around the loop, we expect the initial voltage drop across the inductor to be given by

v, (0)-i(0)R =2-(0.01)(100) =1 volts, which is what we have. In steady state the inductor looks like a short

circuit, so there should be no voltage drop across the inductor once the system reaches steady state, which again
matches our results. Note that the system only reaches steady state near 0.7 or 0.8 ms. In addition, in steady
state the voltage drop across the resistor must match the voltage supplied by the source, or

V,(o0) —i(e0)R = 4 —(0.04)(100) = 0 volts, which again matches our results. Let’s look at the results at one other

convenient point in time, say t =0.2 ms . Using the equations we derived above (and the known input) we have

v,(0.0002) = -3 volts
i, (0.0002) =-12.96 mA
v, (0.0002) = -1.70 volts
Applying Kirchhoff’s laws around the loop we have

v,(0.0002) —i,(0.0002)R —v, (0.0002) = -3—-(—-0.01296)(100) - (-1.70) = 0.0

We can obviously check as many points in time as we want in this way. This type of checking does not
guarantee our answer is correct, but it does help find obvious errors.

2.3.2 Solution Using Integrating Factors

An alternative method of solution of first order differential equations is by the use of integrating factors. This
method of solution is important to understand because as we start to analyze different types of systems, we need
to be able to understand how we would solve for the output when we don’t actually know what the input is. This
helps us characterize systems independent of the actual (specific) input.

The use of integrating factors for solving first order differential equations is based on the fact that when we
differentiate an exponential, we get the same exponential back multiplied by some other term. For example, if

x(t) = e’ then
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d 40 _ oo 90(0) _ d¢(t)
gt 0= me =g O

In what follows, the method looks fairly lengthy, but with practice most of the steps can be done in your head.
Let’s apply this idea to our equation

dﬂn+ﬂ0_KMO

1 ! | | | | |
L TTT T T T ' ' '
| | | | | | |
| | | | | | |
D 2 — = = — - - e B A —————— —
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Figure 2.8. Results for Example 2.3.2.

This method will work better if we rearrange our equation a bit to the form

dy(t) 1
T

at y() ——X(t)

Next, we look at differentiating the product y(t)e?® , where ¢(t) will be determined by the differential equation
we are trying to solve. This leads to the equation

Copyright © 2009 Robert D. Throne 17



d s YO so AP) o _ goo | AYE)  do(E)
dt[Y(t)e ] it e’ +y(t) m e e [dt y()}

Next, we equate the term in brackets to the left hand side of our original differential equation,

ay() . d¢(t) ()_dY(t) 1

at ; y(t)

Clearly this means that

dg(t) 1
dt T
Solving this simple equation we get
t
p(t)=—
T

Now we put this back into our equation above to get

d tir dy(t) atlt tr _ _tlr dY(t) 1
Slver -2 sy e o] B 2y |

The term on the far right is the same as the left hand side of our differential equation multiplied by e

must equal the right hand side of our differential equation multiplied by the same thing,

gt[Y(t)e”T]: {ﬁ?h y(t)} [éx(t)}

Next we eliminate the middle term to get the exact differential we want

[y(t)e‘ = “L x(t)}

Finally we integrate from and initial time t, with initial value y(t,) to final time t with value y(t),

0 d Alt 0 Al K
jﬁ[y(z)e ]d/‘t:t[e ?x(/?,)d/l

f

The left hand side can be integrated as

t

t
[ e Jaa=ye" - yie)e” = [ Sxa 2
t % T

or

t
YO = y(t)e 0"+ [ Bz
T
to

This is the general solution, for any input x(t) .

, SO this

Example 2.3.1. Let’s now look at the same input as before, x(t) = A for t >0 with initial condition t, =0 and

y(t,) = y(0). The solution to the differential equation becomes

Copyright © 2009 Robert D. Throne

18



t
y(t) = y(0)e ™"+ [e " Kada
0 T

t
y(t) — y(o)e—t/r +e—t/rJ‘eﬂ/r EAdﬂ,
T

0

y(t) — y(o)e—t/r +e—t/r KAI:eA/r ])“:t

2=0
y(t) = y(0)e " +e"KA| e —1]
y(t) = y(0)e" + KA[1-e" |
With the substitution y(w) = KA, we get

y(t) = y(0)e " +y(oe) [1-e " ]
or

y(t) =[y(0) - y(x)]e™" + y(«0)
the same solution as before.

Example 2.3.2. Let’s use integration factors to determine the solution to the differential equation
dy (t)

T = ay(t) + bX(t)
The first thing we need to do is put all of the y terms on the left hand side,
dy(t)
——= —ay(t) =bx(t
it y(t) = bx(t)
Then we need
dg®) _ _
dt
or
#(t) = —at

Then we have

%[y(t)e‘a‘] = e *px(t)

Integrating both sides we get

‘ t
J ;7[9‘”3/(1)]% =yt~ y(t) = [e Vbx(2)d2
to :

or
t
y(t) = ea(t—to) y(to) + eatJ‘e_ale(/ﬂt)d/i

)

Example 2.3.3. Let’s use integration factors to determine the solution to the differential equation
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W 44y = 2xt)

dt
Then we need
dg(t) _
dt
or
t2
t)=——
#(t) 5

Then we have

a{y(t)e }—e 2x(t)

Integrating both sides we get

t A ot Ll Loz
] %{e Zy(@}‘“:e Py(0-e *y(t) = [ * 2x(2)d2

ty f

or
2t A%

(ﬁ,ﬁ) iy -
y(t)=e 2 2 y(t0)+e2je 2 2x(A)d A

f
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Chapter 2 Problems

2.1) For each of the circuits below:
i) Determine the governing differential equation using Kirchhoff’s Laws and write it in standard form. For part
F the output is the voltage across resistor R..

ii) Determine the time constant and static gain from the differential equation you derive in (i)
iii) For all circuits except F, determine the Thevenin resistance from the ports of the capactor or inductor and
verify the time constants.

iv) For all circuits except F, determine the static gain by determining the DC voltage across the capacitor or the
current through and inductor.
Ra

B) AN
Rb% z}ﬁ(t)@ v(_,(rj-_;zc

C) D)

v,

in

RS o @) ;
R v () =~ C
lz (1) a -

R
a
v (r ) RC v (1)
v, (U —T~
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Answers:

(Rijd' Q4 0=1,0. cR+RITL v 0=R1L0

di (t) R, R.R, |dv.(t) [ R
(R +R ] L() (R R ]ln(t) C(R +ij dt +VC(t)_(Ra+ijvin(t)

a

R,R, +RR, +RR, |dve () R, L \dv, (1) (R,
( R +R j dt C(t) ( }ln() (ij dt +Vin(t)_ (RbJVC(t)

2.2) Forasimple series RC circuit the response of the system when the input is a unit step is
y(t) _ 1_ eft/RC — 1_ eft/r
The 10-90% rise time, t_, as shown below. The rise time is simply the amount of time necessary for the output

1 Y

to rise from 10% to 90% of its final value. Show that for this system the rise time is given by t, =zIn(9)

90% [ Y S——
0.8

D.Ej

rise time

0.4- L= Tl
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2.3) For each of the circuits below:

i) Determine the governing differential equation using Kirchhoff’s Laws and write it in standard form.
i1) Determine the time constant and static gain from the differential equation you derive in (i)
iii) For all circuits except F, determine the Thevenin resistance from the ports of the capactor or inductor and

verify the time constants.

iv) For all circuits except F, determine the static gain by determining the DC voltage across the capacitor or the

current through and inductor.

A)

v (1)

R R,

b

v 0 R, v ()

f{ (t) l L in
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Answers:
(R,+R,)L diL(t) L di (t) 1

t —V t = V. (t
RR,  dt b= “) R +R, dt b= a+&'4)
dv, (t) (R, +R,)L di (t)
R, +R,)C—=+v (1) =R, (t), a__b L7 4 (t v t
( a b) () am() RaRb dt () a |n()
RARIL__ 4O 4 ()= i w,®, R 1y =Dy 0
R,R.+RR +RR, dt R,R.+RR. +R.R, R,

2.4) Consider a first order sytem described by the differential equation zy(t) + y(t) = Kx(t).

a) If the initial value is y(0) =0 and the final value is y(«) =10, what is y(4z) ?
b) If the initial value is y(0) = -2 and the final value is y(e«) =8, what is y(4z) ?
c) If the initial value is y(0) =1 and the final value is y(«) = -4, what is y(4z) ?

Answers: 9.82, 7.82, -3.90

2.5) An RC circuit has paramters R,=R, ||R,, =R, C, K=R,, and is described by the first ordeer equation

A0y b= ki )

For this circuit R, =100Q, R, =200Q, and C =2 mf .The input current is
0 t<0

ImA 0<t<0.2sec

2mA 0.2<t<0.4sec

-3mA t>0.4 sec

a) Determine an analytical expression for the voltage across the capacitor in each of these regions

b) Enter your analytical expression as an anonymous function in Matlab, and simulate the system using
Simulink. Show that all three of your answers are identical. Turn in your Matlab (driver file) code and your
neatly labeled plots. Be sure to set the initial value of the integrator to zero.

iin (t) =

2.6) An RL circuit has paramtersR,=R, +R, +R.,7=L/R, , K=(R, +R,)/ R, and is described by the first
ordeer equation

d| t
B4 =i, 0
For this circuit, R, =R, =R, =10Q and L =8 mh .The input current is
0 t<0

0.02A 0<t<04ms
—-0.03A 04<t<1.0ms
0.05A t>1.0ms

in (t) =

a) Determine an analytical expression for the current through the inductor in each of these regions

b) Enter your analytical expression as an anonymous function in Matlab, and simulate the system using
Simulink. Show that all three of your answers are identical. Turn in your Matlab (driver file) code and your
neatly labeled plots.
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2.7) For each of the following first order differential equations, use an integrating factor to write y(t) as a

function of its initial value y(t,) and an integral of the input (plus some other functions)
y(t) =ay(t)+bx(t)  y(t) = aty(t) +bx(t)
. 1 . 1
y() 1 y(®) =x() y() T y(t) =x(t-1)

Answers:

t a2 t a2 .2
y(O) =€y (t,) +[be x(DdA yt)=er y(t,)+[ber  x(2)dA
to

f

y(t) = (%’j y(t,)+f (%j x()dA () = e[“ojy(to) +f e(t ﬂJx(z ~1)dA
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