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Operational Amplifier Frequency Response and Closed-Loop Stability

A real (open-loop) op amp is generally composed of three stages: a moderate-gain
differential amplifer stage with high input resistance, a high-gain voltage preamplifier
stage, and a unity-gain emitter-follower output stage with low output resistance. Each of
these stages has an output resistance and also a ("parasitic", or unwanted) capacitive load.
Thus each stage contributes significant voltage or current gain to the overall op amp
operation, but also an (unwanted) first-order LPF RC filter section! Thus the voltage gain
of a real op amp is NOT independent of frequency, as assumed in our ideal op amp
model, but instead the voltage gain of a real op amp decreases with frequency.

The block diagram of a typical three-stage op amp is
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This circuit may be simplified by finding each of the Thevenin equivalent circuits
seen "looking out from" the terminals of each capacitor, as shown below:
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Earlier in this course we have shown that the simple first-order RC lowpass filter
section

has the following transfer function:
1
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Recall that wehave found that its magnitude and phase Bode plots are
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Because the 3-stage op amp consists of a cascade of three first-order LPF sections
(with voltage gains in between), its transfer curve must be given by

Vo(jf) _ G1-Gy-l

AV(if) = -
van) Vplus(if) = Vminus(G) [ JE [, 11\ ([, it
f] 1)) f3

where the three break frequencies are
1 1 1
f
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Typically, it is found that fj is the smallest, and fj is the largest, so the magnitude and
phase of the (uncompensated) op amp's transfer function, |Av(jf)| and <Av(jf), may be
plotted as the dotted curves shown below:
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Phase and Magnitude Bode Plots for a typical 3-Stage Op Amp

(the uncompensated case is shown by dashed lines and the compensated case is shown by
the the solid lines.)
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If this (uncompensated) op amp is connected in either the inverting or the non-inverting
amplifier configuration, then the gain around the feedback loop (called the "loop gain"
Av] oop), may be found using Linear Superposition by setting the external input voltage,
vin(t), to zero. This makes the two op amp amplifier configurations identical, as can be

seen in the figure below. feti
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The loop gain Avy gop is defined by breaking the feedback loop anywhere, say at
terminals a - a', and inserting a test voltage source, vitgsT, between the input terminal
and ground and measuring the voltage gain around the broken feedback loop. From the
figure above, we see that

VO “RI

A if) = = Av(if) = =B -Av(if
vLoop(f) viteer | R1+ Rp v(jf) = —B-Av(jf)

Where B = R;/ (R;+ Rp) is the voltage gain of the external feedback network that is formed
by the resistive voltage divider consisting of resistors Ry and Ry, and it is less than unity. 8
is often referred to as the "refurn gain". The minus sign must be used to account for the
fact that the output is multiplied by 8 and then fed back into the op amp through its
inverting (-) input.

The concept of loop voltage gain is important from a stability standpoint in any

"closed-loop" feedback system, because it indicates whether there are any frequencies at
which the system will oscillate, which is clearly an undesirable condition in an amplifier!

There are two "Barkhausen conditions" that must simultaneously be satisified if a feedback
system is going to oscillate at a given frequency "f":

1. The magnitude of the voltage gain around the loop at frequency "f" must have a
magnitude which is equal to or greater than unity. This will allow any

sinusoidal noise component at frequency "f" in the circuit (all frequencies are
present in the startup transient pulse, as the circuit is first powered up) to

become larger and larger as it propagates around the feedback loop and thus
small noise sinusoid can build up into a large, sustainable oscillation at

frequency "f".
| Avroop(if)| = 1

2. The phase angle of the voltage gain around the loop at frequency "f" must be

an integral multiple of 360 degrees (or 2 radians), so that the (sinusoidal)
noise that travels around the feedback loop at frequency "f" arrives back at the
input in phase with the sinusoidal noise that is already there, so constructive
interference will occur and therefore allow oscillations at frequency "f" to build

up.

<Avigop(if)= n2m
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Let us consider the standard non-inverting op amp negative-feedback amplifier
configuration shown below. (Analysis of the inverting op amp amplifier configuration
would proceed in similar fashion and lead to nearly identical results.) The closed-loop
voltage gain Av¢p = vo/vi may be found by writing vo in terms of the feedback ("return")

gain B as shown:

Vo = Av:(vplus — vminus) = A;I-(Vi -B -Vo) where = Rin
Rin + Rp
Thus T s
vo-(1+ Av-B) = vi-Av (B = "return gain")
A
Therefore Avel = V_(_) =__ 2V
Vi 1+ B-Av

1
For B-Av>>1, AvcL= _[5 (Approximately)
Dividing both sides of the inequality above by the return gain, f3
1
For Av >> —B— = AveL

Thus as long as the open-loop gain Av is sufficiently greater than 1/8 = (Rin + Rg) / Rin,
which is the closed-loop gain that the op amp has been "strapped for", the actual voltage
gain of circuit is fairly accurately predicted by the ideal op amp formula Av =
(Rin+Rg)/Rin. (Perhaps a good rule of thumb is to require Av to be at least 2 times greater
than Avcy.) Note that the closed-loop gain depends mainly on the feedback resistors Rin
and Rp and NOT very much on the open-loop gain Av! This is fortunate, since the
feedback resistors Rin and Ry can be made much more stable (over time, temperature,
power supply variations, etc.) than can the open-loop gain of the op amp, Av!

Also note from the result above that for B*Av >> 1

Av Ay _ Open_Loop_Gain _ Av
1+B-Av  B-Av |Loop_Gain| IAVLOOPI

AVCL =

Thus |Av| = IAVCL’ -jAVLOOp}
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When these voltage gains are expressed in dB (as on a Bode Plot)
20-log(|Av]) = 20-10g(IAVCL] -]AVLOQPI) = 20-10g(|AVCL[) + 20-10g(lAVLOOpl)

Avgg = AvcLdB + AVLOOPdB

Note from the Bode plot of the uncompensated op amp shown above that if the op amp is
strapped for a closed-loop voltage gain of 20 dB (or a gain of 10, with Ri=1kQ and Ri=9
kQ), then at a frequency well below the first break frequency f, the closed-loop gain is 20
dB, and the loop gain is 60 dB. However, at the second break frequency, f;, the
closed-loop gain is still 20 dB, but now the loop gain has fallen to only 20 dB. As we go to
higher frequencies, we eventually arrive at frequency fx where the 20 dB horizontal line
(representing the desired closed-loop gain) is intercepted by the descending open-loop gain
line. At this frequency (fx) the amplifier no longer exhibits a 20 dB closed-loop voltage
gain, since the loop gain has fallen to 0 dB (unity gain), and therefore this intercept
frequency "fx" approximately represents the high frequency limit of this 20 dB amplifier.

However there is a BIG problem with this circuit, because strapping this uncompensated
amplifier for a closed-loop voltage gain that is too low (such as 20 dB) makes it oscillate,
and thus become unstable! This circuit will break into undesired oscillations at the
frequency "fy" (see the phase plot).

This is because the open-loop gain phase plot (<Av) passes through -180 degrees at the
frequency fy. Therefore, at this same frequency fy, the phase of the loop gain (<Avioop)
must be -180 + (-180) = -360 degrees, since passing through the (-) input of the op amp
automatically adds another -180 degrees to the phase of the signal. Furthermore, at this
frequency fy, we can see that the magnitude of the loop gain is still >> 1. Therefore, the
two Barkhausen criteria are satisfied at frequency fy, and undesired oscillations will
therefore develop at this frequency!

But now let us consider strapping the amplifier for a higher closed-loop gain. Say, 40
dB. From the horizontal "40 dB" dotted line on the figure above, we see that the useable
bandwidth has been reduced from "fy" to "f,", but now the loop gain is WELL BELOW
unity at frequency "fy", where the phase of the open-loop gain of the op amp reaches
the "possible oscillation value" of 180 degrees. In fact, because frequency f,
corresponds to the second break frequency of the op amp, the phase shift at this
frequency, which is the frequency where the loop gain (Avy oop) of the op amp is unity,
is only approximately -135 degrees, and thus we are operating with a phase shift at unity
gain that is a comfortable 180 - 135 = 45 degrees away from the problem value of 180
degrees! Thus when we strap this uncompensated op amp for a gain of 40 dB, the
uncompensated op amp will be stable, with a "phase margin" of 45 degrees. It is always
a good idea to operate an amplifer with a suitable phase margin to ensure that
subsequent changes in component values due to aging, power supply variation,
temperature change, etc. do not allow the circuit to become unstable at a later time.
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The op amp may be "compensated" to make it unconditionally stable, no matter what
closed-loop gain it is strapped for. Let us consider the worst-case possible feedback
situtation from the standpoint of stability considerations, which is when the amplifier is
strapped for a closed-loop voltage gain of unity (as in the non-inverting unity-gain voltage
follower configuration). Under this condition, the loop gain [Avy gop| Will be as high as
possible, and in fact it is equal to the closed-loop gain magnitude |[Av|. Assuming that a
45 degree phase margin is desired, we look at the loop gain of the uncompensated op

amp at frequency f;, and we see it is 40 dB instead of being equal to or less than unity as
desired!)

This problem is solved by adding a compensation capacitor between the output node of
the differential amplifier stage of the op amp, in parallel with the parasitic capacitance C;
that lowers break frequency f; down to fj,ew, Where f1,.\, is chosen so that the 20
dB/decade slope in the open-loop voltage gain |[Av(jf)| reaches unity gain at the second
break frequency f). Thus at break frequency f2, where the phase has only fallen to -135
degrees, and is thus 45 degrees away from problem frequency "fy" where the phase is
-180 degrees, the loop gain has already fallen to unity. Thus there is NO CHANCE of
oscillation, no matter what closed-loop gain the amplifier is strapped for since at the 180
degree phase shift frequency, the voltage gain magnitude has to be considerably less than
unity. Unfortunately, unconditional stability is bought at the high price of drastically
reduced bandwidth of the op amp. Most modern medium-bandwidth op amps are
internally compensated, such as the 741 and the TL-072. However, in order to attain
wider operating bandwidth, some "high frequency" op amps (such as the TLE2037) are
left uncompensated, allowing the user to operate them at higher closed-loop voltage
gains, providing that the user adds the appropriate compensating capacitor based upon
the closed-loop gain they are strapping the op amp for so that they can operate their
amplifer in its stable region with a suitable phase margin.

Note that if the compensated op amp is strapped for a unity closed-loop voltage gain, its
useable bandwidth (upper frequency limit) is approximately "f>". Therefore, the second
break frequency "f;" is called the "unity gain bandwidth" of the op amp, and this value is
specified as an op amp parameter in the data sheet of an op amp. Furthermore, since the
slope of the open-loop gain |Av(jf)| is approximately -20 dB/decade throughout its useable
frequency range, if we strap the amplifer for a closed-loop voltage gain of 10 (20 dB), the
bandwidth decreases by 20 dB (a factor of 10) to 0.1*f,. If we strap it for a closed-loop
voltage gain of 100, then the bandwidth (BW) decreases another 20 dB (factor of 10) to
0.01*f,. Clearly the product of the closed-loop gain and the useable bandwidth of the
resulting amplifer must approximately equal f,, the unity gain bandwidth.

Avey-BW = fy = Unity_Gain BW = Gain_Bandwidth_Product

For this reason, the "unity gain bandwidth" parameter of an op amp is also called its
"gain-bandwidth product". The published gain-bandwidth product for an LM741 amplifer
is 1 MHz, the TL-072 (available from our instrument room) is 3 MHz, and the TLE2037
has a gain-bandwidth product of 85 MHz!
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Ex #1: An internally-compensated TL-072 op amp is strapped for a closed-loop voltage
gain magnitude of 10, 100, and 1000, using either the inverting or the non-inverting
amplifier configuration. It has a gain-bandwidth product of GBW := 3-MHz. Find the

useable bandwidth (upper frequency limit) in each case:

GBW 3
for Aver = 10 BW := BW = 300 x 10° Hz
Aver
GBW
Aver = 100 BW := BW = 30 x 10° Hz
AveL
GBW 3
Aver = 1000 BW := BW = 3 x 10°Hz
Aver

Ex #2: An uncompensated op amp exhibits a dc open-loop voltage gain of Avdc := 10°

=100 dB, and has break frequencies f1 := IOS-HZ, 2 = 106-Hz ,and {3 := 107'Hz.

What is the minimum permissible closed-loop voltage gain for which this amplifier may be
strapped and still be stable to within a 45 degree phase margin? What is its useable
bandwidth at this minimum permissible closed-loop voltage gain? If it is strapped for a
gain below this critical level, at what precise frequency will the circuit oscillate?

From the sketch of |Av(jf)| and <Av(jf) below, we see that |Av] oop| falls to 0 dB
(unity) at f, = 1 MHz, where the |Av(jf)| is approximately 80 - 3 =77 dB, since at a
break frequency (f;), the true gain curve should be approximately 3 dB below the
Bode asymptote line.
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To find this value more precisely, we may construct its transfer function:

10°

1+ f 1+ f 1+ f)
J-——-- J.———. J._
10° 108 107

f f f
Angle Av(f) = —atan(——sj — atan |- atan —7)
10 10 10

Setting this expression equal to -135 degrees = -3n/4 radians, and solving for f

Av(f) =

f =1.000-MHz
At this frequency, the magnitude of the open loop gain is

(10°)

1 1 1

2 2 2
£ )2 £ ) £ )2
Le|—| [+ =] | {1+]=
10 10 10

At the -135 degree frequency, 1.00 MHz, the magnitude of the open-loop voltage
gain is

Mag Av(f) =

Mag Av(1-10%) = 7.001 x 10°
In decibels,
3 0
Mag Av _dB = 20-10g(7-10 ) Mag Av_dB = 76.902 x 10

Thus the true results a quite close to the graphically predicted results.

If strapped for a gain that is considerably less than 77 dB, the amplifier will
oscillate at the frequency where the phase shift passes through -180 degrees, this is
found by setting the above expression for the phase angle of Av(jf) to - radians:

f f f
-~ = —atan ————? — atan —————6 — atan —————7
(l.OxlO) 1.0 x 10 1.0 x 10

f:=3.331-MHz
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Ex #3. To make the op amp unconditionally stable, no matter what closed-loop voltage
gain it is strapped for, we consider the worst-case situation where the closed loop gain is
unity, so the open loop gain is the same as the loop gain. We desire to increase
capacitance C1 such that the first break frequency fj is lowered so that the magnitude of
the open-loop voltage gain at the -135 degree phase shift frequency (f5) is unity.

To calculate this value, replace f] by fj,ew in the open-loop gain magnitude expression
above. Then, evaluate it at f = f, = 100 Hz. Finally, set this expression equal to unity
and solve for the resulting value of f,.-

(10°)

2 2
2 2 2
10° 10% 10°
1.+ Dl — ] | {1+ 2=

f1new 106 107

NI
|

finew = 14.21-Hz

If Rth1 is 10 kQ, then the value of C; required to lower the first break frequency to
=14.21 Hz is

flnew

1
© 2.1-10kQ-14.21-Hz

Cr: Ci=1.12x 10" °F

This is a very large value of capacitance, which would be fairly expensive, and would take
up a lot of space on a circuit board.

In order to dramatically reduce the size of the compensating capacitor, the concept of
"Miller capacitance multiplication" is used. Instead of connecting the compensating
capacitor between the output node of the differential amplfier stage and ground (where the
original parasitic capacitance CI is located), the compensation capacitor is placed across
the output and input terminals of the preamplifier stage exhibiting finite voltage gain "-A"
as shown in the diagram below:

Ve lf“‘lﬁe
A mp CEen
Wih rade

‘3@2 “ “_,
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The voltage across the compensating capacitor, vc(t), 1s

1 t
ve(t) = J i1 dt
Ccomp -

But the voltage across the capacitor ve(t) may be expressed in terms of vi(t) since
voltage vi(t) appears on the left terminal of Ccomp and voltage Avi(t) appears on the
right terminal of the capacitor.

ve(t) = vi(t) — (=A-vi(t)) = (1 + A)-vi(t)

Thus 1 t
(1 +A)vi(t) = J ip dt
Ccomp

1 t 1
vi(t) = J i1 dt= J iy dt
(1 +A)Ccomp J o Chiller J_ o

Thus looking betwem the input terminal of the amplifier and ground we have an equivalent
capacitance (Miller capacitance) Cyjjjer = (1+A)*Ccomp.

Assuming that the second stage of the op amp (the inverting voltage preamplifier stage) has a
voltage gain of -A = -5000, then for Cysj1e; = 1.12 pF, we require

Cwiller
Ccomp =
+ A
1.12-uF -12
Ccomp = Ccomp = 223.955x 10 °F
1 + 5000

Thus Ccomp need only be 224 pF, which does not take up much space on the circuit
board, nor costs very much!



Op Amp Slew Rate "Sy" Specification

We define the slew rate of an OP AMP as the maximum
possible rate of change of the OP AMP's output voltage:

g » Vp ()
SR=Gﬂﬁg >0
dt Max T

The slew rate of an OP AMP is limited because its output

current sourcing/sinking capability is "current-limited" to
[lout| < Imax. (For example, fora 741 OP AMP, Imaxis
limited to 5 mA. Fora 411 OP AMP, Imax is limited to 20

mA.) ;(\ VVS

As the OP AMP's input changes abruptly, the OP AMP's
output voltage can only change as fast as its output
capacitance (C.) can be charged, which is limited to Imax
Coulombs per second. This maximum rate of change if
vo(t) is called the OP AMP's slew rate, where

d
Imax = CL -d-tvo(t)

Thus
&=@w@) = Imax
dt Max CL

A typical slew rate is 0.6 V/us for a 741 OP AMP and 15
V/us for a 411 OP AMP.



Full Power Frequency Response

While the "small-signal” frequency response of an OP AMP
circuit is limited by OP AMP's bandwidth (BW), the
"large-signal” response is often limited even further by the

slew rate specification of the OP AMP.

Consider a sinusoidal OP AMP output voltage given by
VOR =
vo(t) = Vog-sin(2:7£,-1) [ nk N

Where "VoRr" is the maximum rated output voitage, which is
usually the full allowable output voltage "swing" usually

about 10 V.

And where "fp" is the "full-power response" break
frequency, above which vo(t) is no longer able change\ ™
fast enought to remain sinusoidal. N

Taking the derivative of the above expression for vo(t)
w.r.t. time yields:

—te

S—Vo(t) = VOR-Z-'ft-fp-cos(Z'fc-fp-t) T
t

Note that  vor-2-n-f, is the maximum value of dvo(t)/dt

Thus d
, = | —vp(t -
SR (dtvo( )J = Vor27d,
Max

Thus fp =



OP AMP Offset Voltage Nulling

Due to mismatches in the transistors in the differential pair

at input of OP AMP, |ge does not divide equally even when

Vplus = Vminus. Thus the output voltage of the differential

amplifier, Vo, might differ from zero by as much as 3 mV.
As the differential pair changes temperature, there may be

an offset voltage drift on the order of 0.1 pV/degree C.

In applications where such an offset voltage is undesired,
an offset voltage nulling pot may be added to the circuit, as
shown below. It allows mismatches in the transistors to be
evened out, so that Igg divides equally between the two

transistors when Vplus =Vminus.

.= 15V
F\"{;\"* EY‘\& '
c p AT
of
qu(,:\\t
+

Abus ‘J/ "Lb e

Vo l‘hwz, cEeseT f
NKH!V\cﬁ l"‘r /

o—



spiaik (Z) o (g) pue (g) Bunmpsqng

el
(9) L
‘XA Woy pajeinojes eq ueo j|
oy - + 1 VV
(©) ou-G -+ XA =O[
(v + 3 + )
spieih () Buthuyydung
o4 =0]
+
) 7?&2& ) OT\ xp

sawoosq (g) ‘suolmnsans asay; Bunep

x>§+E
21

(popunoiB siuid siu)) g=smdy  eseym

=STUTWA puy

oy
(smumump - snpdp )y - xp

XA JO SWia} Ui pajeInoled aq ued o) Ing

()

o}

(0) JI + o] =Xx]
‘apou Indino ay 1e 10 Buisn

sasuspadwy indupnding Z aley 05538/09533

4 A< LAY _.): ey WA WA 8]
. »w;iaf. A /w &v
\mvu(/:.,&/w) />_!£0§ ov />.C u(,... A.,Q,,y \/S,w..

U'J )N J;rﬁﬁ -A OM, u\dusoﬁ = .4@,. _d vl G\

i hd R >
0= A & 0= 0 Suyos Qo oy

Zzaao
\ﬁ:k.h.v...hu.\ PR U\\/
,Qﬁi&.&@&t aA

0 jDRVMOY - _ Cu frpmt”%
JwpS a4 1 mdio . ‘n 24w
AN a(_./(

Yyoeqpee. eApebap yym
dWV dO 40 eauspadwy inding ereinares o; pesn ynayy
J\
D= -0 x|
() oo=noy

XA
Aq uaalb
S! oY ‘Wnau ayy Jo SouBlsisal ndino Juageainba oy uayy ‘reurus)
ndino ay) ojut XA @2snos yBnoiys smoy 18 (1) wauno ayy suiulglap
3M Usy; pue ‘punosB pue feuiwia) yndino SN0 auy) usemiag (xp)
8a1nos abeyjoa e oauu0s am AN 'MOISq IIN2UId B} U) uMOYS sB ‘suies
Y} 8liodsq suonelnByuod JnosD dWVY d0O Buisaui-uou pue Buniaay
94} Uoq usyy TIBZBI AT S BlIOA Indu; ayy Budnpas £q uociisodiadns
Jeauyf Aojdwe am ‘ynasio diWY dO Ue jo sauepaduwi yndino 8yl puy o]

MOVEQ3TS INLLYOIN HLIM SLINJYID Y3141 1dWY
TYNOILYYIO 0 JONVYAIdW) 1Nd.Lno

seouepedtu) Jnduysnding L ofey 05538/99533 S
0 =4 - .u = ¥5
- T AT e
o KA 7Y o ¢ Ha
*0 + N ~+ Vi

Ky~ { X



HH\#HK mm.H. vanH

N\ =
= < -
o m ~+ A ol
l.H \—/ AI. * % _A - eﬁ\/
A,
<+ +A T.X,H

1INJYID YIIHITdMNY dWY JO ONILYIANI-NON Vv 40
JONVA3dWI LNdNI FHL GNid OL g3sn 1IN2y10

X1
(o1) Yk

st unau Buikydwe ay; jo soueysisal indul ay; uayy
x| st ®2inos siyy yBnoayy yussna 8y} pue ‘punosB pue jpuluLa} ndus ayy
uasmiaq palidde st (xA) @2.inos abBejjon e tey) suiBew ‘mojaq umoys sy

ndu

(-) Wi 01 oeq pay pue paydwe S py ssos0e abeyjon ay) jey) joey oy
0} anp ‘siy} uey} sajeasB yonw st soueysisay indut jemoe sy} Jey) mojeq
UMOYS 30 [IM )1 'JaAsMoH Py i uopeinBiuoo 143 Jo aouE)sisal Jnduy
3y} 18y} Jeadde Jybiw p ‘py ‘dwe do 94} jo soue)sisal Jndul [enusseyip
[EUIBIU! 84} YBnoayy punosb fenpia oy s1oeuUoD ndul (+) ay; esneoeg

"SNOIAQO 05 Jou si uoleInBlyuod Bunaau-uou

84} Jo aourysisal Indut sy (1Y Jo apis Jayio ayy uo §1siXa punolf

[BNUIA 80UIS) 1y Joisisal indui Jo anjea 3y} 0} Jenbas Asjewixoidde s

1BYL Souepadwi Indui ue sey ynoao Jeydwe dwe-do Buiaaur ayy apypp

(ures yum samojjoy abejjopn) uopneinbyuo)
dWV dO Buiusaul-uop jo douepadwy induy

saouepaduy induianding ¥ obey 0S538/99533

(™)
‘Syyve) AT

INJARMO 38 LONNYD 5 gop = VINSZ/IAOL LNOTY NYHL
$$37) S3IONVISISIY QY01 TIVYIWS JH0434aH] ‘Yiy ST-¥O +1nogv oL

GILINITLNIYYND ATTVNNILNI S1 dWV dO JHL LVHL UIBWINIY Lng
iYW 5 inoge o} paywy GOU-10°0 + 1

Jusuna sidwedo  suyg nmc.oh.bsnw =N

84j jewyy saquiswal Jng
syl (100 =¢) ool 0 uteB e Joj paddens
PUB ‘5,01 = v uieB dooj uado ‘SYo 57 = oy |uEgsisal Indyno asoym
dwe do ue Yim epew seiidwe Buiueaus ue J9pisuod ‘ajdwexs ue sy

(suteB dooj aBie 10) g ‘u1eB dooj ay; 10 spnjubew

9y} Aq papiaip oy Aisrewixasdde s UNOII3 (leJon0 By} J0 soursisas
Indino sy mo aunb Apeate si yoym (0d) dWv 40 dooj-uado
84} Jo souegsisal Indino ayy NyH | H3IMOT NIAS s yoeqpasy
sAnebau yum paddens dwe do 84} Jo edueysisal )ndino syl snyy

gv «1
0} sayiidusis (g) ‘(jy+1y) uey SS3) Yonw st oy yew Buiwnssy
M-+ryg
+4v 4
oy M-+
———— =00 us =
(8) e bl ' - q

g .onel WMy, sy; se pauiap aq yiomisu

10181521 Yorqpas) aAneBau [eusaixa ay} jo ones uorsialp abeyjon ayj 3o
+1 v 41 v = A
oy ! X1 -
S T

81 8duBpadil yndino SUNDMO dNY dO By

W (04-(3y + ry)) -
(04 + NV + g ) A=

Sesuepsduilinduancing € ofey 0553909533



1wyobrs) | ueyy semoj g jym uopyeinsuy

Pieoq 3o ey pue ebeyoed ey 40 saueysises Bupunys
83 8ou)s ‘s ueyy semoy Ajqeiepisuos oq Ajueriss
ISow Jjm aoueysisal ynduy ey ynaso 1881 & u) ‘;anamop

WyoBI9 L= 01107 + ury

g0T-(10°0-01 + 1) =PA(d v + 1)aury
Uall 'sy01 = v ureb dooj uado ue pue (100
=¢) 101 o ureb abeyjon dooj-pasop e Jo0j paddess somoyjo
B 1O} 'shyj ‘wyoBap | aq o) diNY dO Ue jo py Joy uowwooun
jousty (sspnyubew uteB-dooy abuey Joy) ‘av ‘ureB dooj ayy
Jo spmyubew sy Ag palidyinw AeAosye 81 ‘aBugj ayinb Apease
STUDIUM ‘(pY) diNY dO dooj-uado sy; jo 8ouB)sisal yndu) sy

X]
(s1) PY-(gv + :«mwéa &
_ ]

S!nsaJ pasisap ay; 'sny)

Py
LD (dv + 1) -
A=V - xA

(11) oyut ynsay sy Bunnyisgng

N+ R v
—— o XA -
(91) o9 eeum xp v

sesuepadui indupnding 9 obey

=SnOTUIA

05538/99533

g “Momiau yoeqpaay BARSISal jeulais ayy jo uonenuaye
9Bel10A 841 ', 01 LvH NYNLTY, Jo uoniuyep ay; Bursn

X 2] .2.E+£+Ev

T -XA msn@mmp

SPieIA snuiwA Joy (1) Buinjog

(™ « )

(1) (snurmp - xp )y -

=TT

SPIRIA (Z1L) o (1) Bunnipsgng
(g1) (snurmp, - XA )V =(snumary - stydA ).y =op

'SNUIWIA
pue (smidp =) XA §0 suusy ug PuUnoj oq ueo op _w..oE.Ect:u
N+ 5
OA . = STIOTm
(T1) A N A

‘SNUIWA 40 anjea sjewixoidde
34} puy 0} uoyenba Jopiaip aBe)jon ay; asn ues 8M pue

=4 uay 'y o pasedwoo aiBiqBey 8! SNUIW| Jey) swnsse om 3

Py
(11) SMummA - xp

=X|

“SNUIWA PUB XA Jo swie) u) Pajeinoles aq ues )

seouBpadw| induianding § ebey 05538/99533



oy
souesisal Indul yBly pue ‘ury ‘souelsisal Indino moj sy Uy S9|| Jamsue

3UL £)N3410 1) §1 8N Jeum aiojalal) ‘| st ujeb sBeyjon oe ay)

"(doup uopoun{ a-g A 2°0 8y} snuiw) abejjon
Indut ayy , smojjo4, abeyjoa Jndino ayl sny

(9) L0 - IA=0A

0} saoNnpal Ajjeaneweip () usy) pue ‘pasoubl aq ues
1y 'abuey st ¢ souis any Ajjensn si yoiym ‘( L+0)1Y >> 1y se Buo; sy

((1+§)1a+ )

) (D7 (1 gany ”oA
spiaiA OA oy (1) Buiajos
g
(v) (g :.o>éo;>.,2 0A
spiaih (¢) ot (z) pue (1) Bunnisang
() T TI=0A
@ (4« Da=1
i =q]
M OA - L0 - IA

OA Uemojjo4 Jepiug ue jo ebejjoA 1nding suyp Bupury L ey
abejg Jamojjo4 deniw3z 1rg jo sishjeuy |

SdINY dO Jamog 2z 8fey 05538/99633

pops INTG-pod
ﬁw.amu.a <in »e9)

PIro0L9-Pcrg
Pporp -9 .
J° 13gew

PIA

17¢°u PN D
:MOI3q UMOYS

BIB [9pOW N340 JusleAinba pue yinono asoym sbeys Jayidwe Jamojioy
1apiws 1 rg udu diseq ay) o uonesado ayy MBINBI flBUS BM '|sui 4

‘062 40 anjea
fedid4} e yum ‘Joisisuen sy Jo sejeweled oamtﬁmcmzEwt:o-EmEQ

3yl st g aseum (d/qy 1noge) 8ouepadw Indino mo| e pue ‘(14,4

noge) souepadul indul uby e sey 31 1nq '(dosp uonounfa-q A 20

By} snuiw) abeyjoa yndu; ayy SMOJj05 aBeys Jamoyjo) soiwe ue J0 abejjon
Indino ay) jey; joe; ayy uodn P8seq st 1nouid sy} Jo uonesado siy 1

‘abeyjon Indino dwe do 9U} 0} Ty soue)sisal peo penieA-mo) Ajanie)s)
€ UBAS 3ALp 0) uoeinByuod , jemoljo; Jaws, ue ut paysuuod
Wogalesirg eyl (syusiesy, uo pajunow sl yioq) Jojsisuey
Jamod dud e pue udu ue pue 'S9pOIp OM 'SI0)SISBI OM) Buisn pswioy
S UOIUM 12110 1835004 Jus.no Indino Aswwis Areyuswajdwios
[euis)xa ue Buippe Aq swoaiano 89 ued uoneyw| wauno Indino sy 1

"dNV dO 3y} episul
pajedissip aq 0} Jeay Jo saniuenb sbie| annbay E:o\smucmt:omgm_

30uls 'ino Buluing woly gy d0 8ul sjasj01d yoiym ‘Apinano Bumuy
1UBLN2 Indino 8,dNY 4O 8y} o} anp ‘UBAUP Bq Jouues IS S80UE)SISa)
PeO| MO 'MO| A3 §1 soegpas) aAlebou YIM Hnoup Jaydwe

dNV dO ue Jo sdue)sisal indyno ay; ubnouy usre ey saldwy siy |
'YW GZ - JO + IN0GE O} PaYWN-UBLING S| WY dO 1e21dA} 8y} 1ey) jeday

SHIIHINdWY TYNOILYNIHO ¥IMOd

SdY dO Jamog | 88ey

05538/99533

=)

¥



'ybiy Asea Ajrensn sy eouepaduw Indut sy} 'abue s1 ¢ sourg

(+1) (1+¢)Ty=ury

Aq usnib Ajerewixosdde
st abejs Jamoyio) Japiwe ay) jo aduelsisal indut ay) jey)
puy am ‘(1 +0)Td >> 1Y '8J0j9q se uondwnsse swes 3y} ayelw am J|

AMMV AM «uqu&lelé

(z0) ((1+ )T+ ro)-arn

A 10} Buinjog
231

:Te‘é*av.s. w
¢ T

=q

spisi (8) oyt (L1) Bunnsqng

((1+~¢)mg+«m)

A - - 0A
(1) T Wy
SPI3IA OA Joj BulAj0g
2.1
(o1) (1 + 8.3> - E.é.o\,
spiaiA (6) owi (g) Bunnmsang
SdNV dO Jamod ¥ sBay 06$38/99533

(6) (1 +¢)-quny=oa
(8) H -qi

0A - 1A

pue

ey} aas am 'siojeq se Buppiopn

q

Q! 'a) JuaLnd Indu ay; Jo ped (o) Buibueys sy 0} In 1A abeyjoA Indul

3y} Jo Yed (oe) Buibueys ay) Jo Olel 8y} st soueysisal indus sy snyy

PIO Jamojjo sepiw3 4o jepoyy 1eubis-jews oy

‘pasoubt
OA PUe qj jo sjuauodwiod ,ap, JuelSuOD U yum ‘abeyjon indino pue

JusLIND aseq ay} Jo s)usuodwos e, Buikien-awn ayy Ajuo yussaida;
(oA pue (1)qr sjoquihs 9SBOJAMO| By "048Z 0} peonpay aq o} |spowl
HN2JIo 8A0QE 8y} Ul 824n0S 9p A 2°0 U} ley) sannbai yoiym ‘mojeq
UMOUS [apow Inouid leubis-jlews oe,, 3l 10n4sU0d 03 uonisodiadns Jo
aidivuud ayy asn Jsnw am WAl U ebueys ay) Aq P3PIAID WIA Ul 8BueyD
U}, se pauyap Jajewesed ,oe, ue s) UlY souegsisal Indut ay) ssneoeg

abejs Jamojjoo sepuz ue jo 80ueysIsay Induj ay) Bupuiy z pey

9dWY dO samog ¢ afey 05538/99533



= \3

A9°0 L\LSELQ\,\Q A,M LH AS! +="A% huﬂ&dd AFIN
FIAP LCINS ‘saydde Jabuo ou
I9POW | [g 80IN0S Pa|j0AUCD Y} BI8YM ', J0-INd, SI8)UB | rg By}
ncmuummm_n 88J3A8J $9WI009Q uoouNn| @-q | rg udu ay) 'sanebsu
$306 OA §| "aAnisod 1day si OA PUe ‘OA < 207 ley) Buiwinsse
'O/ = 1N0A sy “doJp uopoun] feussiul 8-q A /0 S.Lrg 84} Ino
I8OUED 0} 8pOIp Paselq-pJemio) B §3sn Jey) Iindujo Buiyius-fens
8PpOIp A L°0 B SUIRlUOD ynoud siyL “abels indino Jamojjop-reniwa
udu [eusaIxa U O} PBJOBULIND SI MO }INDJIO BYY UI G d0 9yl

peoT juslnd-ybiH e 03 WY dO pajlwif-qusung
E 308UU0D 03 JeMmoj|04 Japjw3 udu ue jo esp ||

‘mo| a)nb Ajlensn st souepadwi indino sy} ‘sbue; s ¢ 3oUig

1+4 x
Noxa ol snyy

L3
(31) W o.: v g)-=x1

{61)

spiaiA (£1) ot (91) Bunnsang

(L) qr(1 + §)-=xt

<= BPOU JORIWL 8y} i& paydde 10y

SJWY dO Jemod g 9Bug 05538/99533

3!
(91) ll,,..e

XA -9

<= doo| Induj ay) punose paydde Ay

(sv) X
" oy

Aq usnib s| oy ‘83uBlsISas IndIno JusieAinbe au) uayy

-
-

Jayndwy Jamo)jog-tanwg ue jo ajuelsisay
nding juajeainbg ayy BuApiag Joy pnonn

‘MOJaq
90eds 3y} u) umoys s WN2ID SIUY X1 usLNg 8ainos sassed 'y}
XA ‘801nos abejjon e Aq 14 9dejdal pue ‘g o} 1A s3inos reubis indu
2y} 19s Aew am ‘palosuuod usaq sey 1y asaym sjeuiwsy ndino
8} wouy ¥oeq Bupyoo; souejsisal Indino yusjeainbeo 3y} puy og

8bejg Jamoyjo4 Japywiz ue jo 8ouejsisay Indino sy Bupuiy ¢ pey

SdiY JO lemag g ofry

05538/99633

X



\r,oc..’;dnh...Mh(,du L,.uﬂ)ow
L mnwhiow MG — el WT

QX YPNPMID B FONQLLPN

JWY 4o ~emney oduwory

ndino diny do ey uey ayes ‘sispiwe 1 rg omy ay; Jo uotoun{
3L} 0} 1o3uU0d AjjeoidA} pinom Jojsisas %0BqPa3; ay) 'uoneinbyuos
Buihyidwe Buiuaaus o Buiusaut-uou e uy pasn asem Wios

‘dWV dO Jemod e se jo wbnoy) aq ues }N2I2 BaUB SIUL ;31 ON

HONd st 1rg
udu ayy pue ‘aAnoe piemio; s| Lrg dud pue ‘g > A usypy o ino
st 1rg dud ay) pue ‘sanoe PJBMIO) 81 1 1rg udu By ‘0 < IA UBYAA

mw>

VIA4 T
:pasn aq Aew (yooqxaj 1no )
UMOUS Se) }inodin , AllsWwiwAs Aejuswaidwos, Bumoijoy ayy ‘sbeyon

Indino 4o sanjeA aanebau pue aAnisod yoq mojje o) Jopio uj "abejon
Indino Jo sanjea aAlysod Joy seiesado Ajuo BAOQE JIN0UD B |

abeyg Inding AjewwAg fieyusweidwon ay 1

SINY dO Jamog g abey 05538/99533

SWYo 029 = Y yo1g :uoisnjouon
urury
SWYQ  7L§ = umry §20°0=—
L0 - 2047

‘YW 6z 0) Palwl yusno
st dwe do sy 80uIS “dwe do ayy ubnouyy s906 4y ybnoiyy
WU8LIN ayy Jo je pue ‘g = q) Jueund a1 ‘A0 = OA usypp

FA :O_uﬁ.__wﬁ_mccu

SWUO  t¥'169= xeury
T
(@A - §0A -0 + goop) X
‘rews Asan sy dwedoy snyy ‘paselq

Piemio) y dasy o} apoip sy} yBnouy MOy
O} 8|QBIIEAR S| JUBLIND [BNPISas BWOS ey og

(1+49) N
007 = ¢ SRS TR
puy
™ A LOl=0aA [ +op = qA usyy
A ST = 29 ﬁ"d Sumo g = Tg A 01 =0p

‘abues sy jo pus doy sy )
USALP SI dINY dO 8} uaym ased 8y} Japisuon uonesspisuoy

YW G2 - 40 + 0} paywiI-juaLINg St dAIY dO

BUL 00z Jo d e sey Jo)sisuel} Jamod Ul "A Sl =09/ Aes 'sbuey
SiU} J0 pus doy sy} uey) Jajeasb Aiqepojwod aq ysnw 00A Uayy
‘A0 pue g usamjaq sanjea o} USALIP 80 Isnw yoiym ‘'swiyo g = T
ey} auiBew "ajdwexs ug Aq pajensnyisaq ase 8say] "y Jolsisal
SBIq JO 80{0y2 8y} sousnyul el Suofielspisuoo om) ase siay

SdNY dO Jamog L 8fey 06538/99633



