In this problem, we want to use the prototype circuits to design a third-order low-pass Butterworth filter.

The passband gain should be 10 dB and the cutoff frequency should be 4 kHz.

We can start with a prototype filter with the cutoff frequency at 1 rad/s, then we can scale the circuit to make the cutoff frequency equal to 4 kHz.

For a third-order Butterworth filter, the transfer function denominator should be [equation].

Here we want to design a third-order low-pass filter, so the denominator should be either +1 or -1.

If we look at the template circuits, one of them is an inverting amplifier circuit, so we get a negative sign here, so in the transfer function we can make it negative.

The transfer function for the third-order prototype filter can be written as the product of two portions.

The first prototype circuit is a first-order low-pass filter.

We can make it equal to -1/s+1.

With the second template circuit, if we look at the transfer function, the numerator is a constant.

The denominator is a quadratic denominator.
That means it is a second-order low-pass filter.
We can make the transfer function equivalent to 1/s²+s+1.

If we connect the two circuits in cascade, the transfer function of the complete circuit should be the product of the transfer functions of the two circuits.

That is, H1(s) times H2(s).

Let’s get started with designing our prototype circuit.

We make Rf 1Ω and Rin also 1Ω, so the ratio of Rf to Rin is 1.

1/RfC should be 1, so we can make C equal to 1 F.

H1(s) should be -1/s+1, so let’s look at the second portion of the transfer function, H2(s).

The first order coefficient in the denominator should be 1, so 2/RC1 is 1.

Here, if we pick out a value for R, such as 1Ω, C1 should be 2/R.

That is 2/1, so we get 2 F.

The constant term in the denominator should be 1, so 1/R²C1C2 is equal to 1.

C2 should be 1/R²C1.

R is 1, C1 is 2, so C2 should be 0.5 F.

We have got all the component values for the template circuit.

The cutoff frequency should be 1 rad/s with such a transfer function.

The second step is to scale the circuit to make the cutoff frequency equal to 2π times 4kHz rad/s.
We need to do frequency scaling here.

The frequency scaling factor Kf should be ωc’/ωc.
That is 2π times 4000 rad/s.

In the template circuit, ωc is 1 rad/s, so we get 8000 π rad/s.

Assume that in the new circuit, we want to make the capacitor C equal to 1 nF.

Here we also want to use the magnitude scaling technique.

C’ is 1/KmKfC.

Km is the magnitude scaling factor.

That is 1/Kf times C/C’.

The frequency scaling factor is 8000 π.

C is the old value from the prototype circuit, which is 1 F.

In the new circuit, we want to make this capacitor equal to 1 nF, so Km should be 4.0x10^3.

Then, we can scale all the components based on the same scaling factors.

Rf is equal to Rin in the old circuit, so in the new circuit Rf and Rin should be 1 times the scaling factor, which is 4 kΩ.

Here we use R’ to indicate that is the resistance in the scaled circuit.

Capacitance in the new circuit should be 1/KmKfC1.

The magnitude scaling factor is 4000.

The frequency scaling factor is 8000 π.

That should be 2 nF.

If we look at the prototype circuit, the capacitance of C1 is 2 times the capacitance of C.

In the new circuit, we can see that C1’ is also 2 times C’, because they are scaled by the same scaling factor.

So we can compute C2’ as 0.5 nF.

So far, we have all the component values for the new circuit.

The circuit cutoff frequency should be 2π times 4000 rad/s.

As the last step, we want to make the passband gain equal to 10 dB.

20 log base 10 of K is equal to 10 dB, so K should be 10^10 / 20.

That is 3.16.

The passband gain should be 3.16.

For the second portion of the circuit, we shouldn’t change any of the component values because that will change the cutoff frequency.

For the first portion of the circuit, we’d better not change Rf because it also would change the cutoff frequency.

We can change the resistance Rin to make the passband gain equal to 10 dB.

We can reduce the resistance of Rin by a factor of 3.16.

That is 4kΩ / 3.16, which is 1.26 kΩ.

Now, we have all the values for the components in the circuit.

Rf’ is 4 kΩ, Rin’’ is 1.26 kΩ.
The capacitor C’ should be 1 nF.

The two resistors in the circuit should be 4 kΩ.

C1’ is 2 nF, C2’ is 0.5 nF.

In the circuit with these component values, the cutoff frequency should be 4 kHz, and the passband gain should be 10 dB.
